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I. Introducfion

Among the methods availabie for the characterization of
globular proteins, small-angle X-ray scattering (SAXS) is parti-
éularly powerful., This methbd is capable of yielding the radius
of gyration and, when used on the absolute-intensity scale, the
molecular weight, hydrated volume, éurface—to—volume ratio and
degree of hydration of a parficle in solutionl“6. In order to
obtain this information, two auxiliary parameters need to be
measured: the concentration and the partial specific volume of
the protein, |

In addition to the molecular parameters, one may obtain
thermodynamié parameters of interacting systems4'5, such as
éssociation constants of éggregéting subunit systems and the
degres of preferential interaction of proteins with components
of mixed solvent systems."Furthermore,vin the case of highly
concentrated'SOlutions (> 100 mg/ml), in which there are strong
long-range intermoiecular interactions, SAXS can be used tb
determine the radiai distribution functioﬁ of the interacting
(or even partly immobilized) macromolecules in solution1'5’7'8.
This; in turn, yields the interaction potentiais characteristic
of the operative fo:cesg.‘ At still higher concentrations, dis-
tinct bands may appear, as the system gradually becomes ordered
- and x—ray‘scattering passes over into small-angle X-ray diffrac-
tionlo. The recent development of absolute'intensity appara-

.tus§'11’12 (Seé Sect., III.A) has rendered practical such a

characterization of macromolecules, and aggregates of molecules,



including eﬁzymes, in solutioﬁ.

Fundamentally, the method of X-ray scattering differs -
little‘from that of light scattering, the theoretical prin-
‘ éiples being essentially identical. The differences which
exist.arise from differences in the wavelengths of the radia-
tions in‘the two cases., In light scattering, the wavelength.
is of the order of 4,000 A; in SAXS it is ~1,5 A. Both tech-
niqueS'are based on concentration fluctuations of the solution
under examination. 1In light scattering an auxiliary parameter
¥Yequired is the refractive index increment of the macromolecu-
lar solute. This can be measured directly. In SAXS such a mea;
surement is ﬁot possible, since the refractive index is prac-
tically indistinguishable'from unity. In order to express the
cbncéntration fluctuctuations‘it bécomes necessary, therefore,
t0-cal§ulaté a corresponding quantity, wﬁich for SAXS is the elec-
tron density; i.,e., the number of electrons per unit volume..
fhis can be done from the chemical compositions of the solution
components.

The electromagnetic theory basic to SAXS is alsd basic to
X-ray diffraction, and the two techniques are founded on the
same phenomena. They differ; however, in the nature of the ob-
servations; X-ray diffraction results from destructive and con-
structive interferences in scattered radiation, evidenced by
discrete spots or bands which correspond to éharacteristic repeat
distanCes within an ordered structure, such as a"cryétal. In

SAXS .the scattered radiation is diffuse and a generally monotone



" function of angle., X-ray diffraction.reflections usually corres-
pond tc small interatomic distances and thus are found at higher
angles; SAXS corresponds principally to molecular dimensions and
is concentrated mostly within a cone a few degrees from the inci-
- dent beam, There is an intermediate region (2-5°) in which the
internal order of macromolecules begins to manifest itself, This
leads to the appearance of secondary maxima and minima super-
imposed on the scattering~curje, resulting in a wave-like appear-
ahce of the angular dependence of scattering at these higher
angles. As will be shown (see Sect.-II. B) below, the positionsl
‘of these fluctuations in the scattering curve are very useful ic

assigning structural models to particular macromolecules,

B s ?rihciples

A, Nature of the Phenomenon

‘When e.beam of electromagnetic radiation strikes an elec-
- tron, soﬁe of the ehergy is moﬁentarilybabsorbed and the electron
becomes dlsplaced from its unperturbed position due to the force
exerted on it by the electric field. As a result, the electron
"is set into periodic motion with a frequency equal to that of the
exciting radiation. Since,‘according to the Maxwell equations,
any accelerating or decelerating charge must radiate an electro-
magnetic wave in all directions and since the radiation reemitted
by the electron has the same frequency as the exc1t1ng radiation,
‘the experimental observation gives the 1mpre551on that the inci-

dent radiation is scattered in all directions by the electron,



as depicted schematically in.Figﬁre la; This observation is the
origin of the terms "X-ray scattering" as well as "light scatter-
ing". 1In the quantum view the incident X-ray protons undergo
'pérfectly elastic collisions with the eléctron, leaving their
enetgy (i.e., their frequency) unchanged., Hence this type of
scattering is called "elastic", “unmodified", "coherent" and,
because it obeys Bragg's law, "Bragg s‘cattering."12a
While a detailéd derivation of the theory of X-ray scatter-
ing can be found in varioué monographsl’l3, we will outline here
briefly the arguments follpwed, The action of ah electric field

of strength E on a polarizable particle quite generally induces 

in it a dipole moment, p, whose magnitude is

p =oE )

where o is a proportionality constant known as the polarizability
and is a measure of the induced distortion of the molecule. For
an electromagnetic wave, Elts the amplitude of the electric field

vector can be éxpressed by

E = E, cos 21 (VE-X%X/2) (2)

-where Eo is the maximum amplitude,'v is the frequency, A is the
wavelength, t is time and x is the location along the 1line of
propagation. Here, thé cosine function represents the phase
‘angle, the determination of which is one of the main problems in
structure determination by X-ray diffraction. Combining equations
vl}and 2, the amplitude, ES, of the reemitted electric field, which

is proportional to dzp/dtz( results in:



' 2.2
41V .
Es = - czr p sin @ (3)

where c is the velocity of light, r is the distance between the
scattering particle and the observer and ¢ is the angle between
the dipole axis and the line joining the point of observation to
the dipole, as shown in Figure 1lb. The intensity, I, of the
radiation is equal to the product of the amplitude and its complex

13 (the conjugate of a complex quantity a + ib being

14

conjugate

defined as a - ib), I = EE*, whose magnitude is

I

. }Eslz i (4)

If we take now a sbufce of unpolarized radiation and re-
~solve the scattered radiation intorcompcnents parallel and perpcon-
dicular to the electric vector of the incident radiation, and sum
up the total, having first combihed equations 1, 2, 3 and 4, and

remembering that c¢/v=A , we obtain the familiar Rayleigh equation,

which is fundamental for light scattering (see chapter of this
volume),
‘ - 4 2
1= 12 _ 8ma
Iocat = Imsl» = =57 I,(l+cos 20) (5)
‘where I is the intensity of the scattered radiation, I, is

scat
that of the incident radiation and 20 is the angle between the

directions of the incident and scattered rays, as defined in Figure

lbls,



B. Scattering from an Electron

For radiation whose frequency is high compared to the natural
frequency of the dipole (as is the case for X-rays, though not
for visible light), the polarizability, o, can be expressed as

o = —5—u (6)

4n2v2m

where e is the charge and m is the mass of the scattering element,
the electronic charge and electronic mass in the case of an elec-
tron, Combination of equations 5 and 6 results in the Thomson

equation, which is the fundamental equation of X-ray scattering:

'I»' - e? I ‘[l+cosQZO] )

‘ scat,g mzczrz o |- 2
where Iscat e is the scattered intensity from a single, independent
electron, The product e4m =2 —4 is known as the electron scattering

factor (also termed electron scattering'cross section and Thomson's
constaht; edual to the sguare of the so-called electron radius),
while the'quantity in parentheses is known as the polarization

16

factor °. Introducing the numerical values of e, m and c, into

Equation 7 results in

"Iscat,e - 7.90xlO—26r'2 (l+c05229] (8)
'Io ' 2
ThlS indicates that the 1nten51ty of radiation scattered by a

s1ngle electron is more than 25 orders of magnitude smaller than



the intensity of the incident beam. Now, the mass of a proton is
1,840 times greater than that of an electron. Since mass appears
to the second power in the denominator of Equation 7, scattering

by a proton will be ca 3.4 xAlO6

times weaker than that by an
~ electron. As a result, in X-ray scattering, as well as in X-ray
diffraction, essentially only the electrons in matter are detected.

17 and to the

This has given rise to the term "electron density"
practice in X-ray scattering of expressing all mass units in num-
‘'bers of electrons, |

While the scatterihg from a single electron ie extremely
weak,lin real systems, such as a protein in aqueous medium, we
measﬁre the total scattering'from all the electrons in the irra-
diated volume (which is of the order of 0.1 ml). This results in
a measured scattered intensity only 104 to lO5 times weaker than.
the incident radiation.‘ Such an intensity is measurable, but the
four to five orders of magnitude difference in intensities between
the incident and scettered radiations lead to the extremely strin-
gent instrument collimation requirements which will be discussed
below (See Sect. ITI.A).

C. Scattering from Pafticles

1. Scattering Envelope

In'moleculee, such as those of proteins,’the electrons are
not independent, since the relative positions of the atoms are
. fiked in space. It is reasonable, therefore, to expect inter-
‘actions between the scattering of individual eleetrons. Since the

dimensions of macromolecules are dlways large relative to the

wavelength of the inc¢ident X-radiation, interference occurs between



the radiation écattered from individual scattering elements (in
the case of X-ray scattering,bthese are individual electrons)
within the macromolecule, with the result that the intensity of
scatter ié a strong function of the angle of observation, 20.
vThe reason for this is showh in Figure 2a. Here we have a-par—
ticle which is large with respect‘to the wavelength of the radia-
tion. Consider scattering from elements n and m observed at
points P and Q. - We find that when radiation scattered by elements
n and m reaches point P (in‘the forward direction), if angle 20

is small, the difference between‘the'pathlengths of the two rays
(nm + mP - npP) is small, so that they ;re not greatly out of
?hase with each other and interference;is small, However, when
'the.radiation écattered from n and m reaches point Q (in the back-
- ward direction) the total distance traveled by the ray from m is
much greater than that frdm n (greater by nm + mQ.— nQ), with the
result that the two rays can beéome completely out of phase,
leading to destructive interference. 1In the forward direction,
i.e.,, along the incident beam, scattered radiation from n and m is
‘fully in phase, there is no interference and the total scattering
is the sum of the scattérings from all elements within the par-
ticle. As a result, the scattering envelope (i.e., tﬁe angular
dependent of the scattering) has an assymetric shape such as shown
schematically in Figure 2b, (For qlarity, the envelope is shown
much less elongated than should actually be theﬁcase.) Since
-scattering in thé forward direction falls on topAof the much
stronger incident beam it cannot be méasured directly. This re-

sults in the reguirement of extrapolation to zerc angle. The



shape of a fypical recording of the angular dependence of
scattering of X-rays obtained from a protein solution is shown
in Figure 2c. At very low angles, the angular dependence of the
scattetlng is essentially gausslan. At increasing values of 20
(above 1°), the intensity drops to very low values, decreasing
asymptotically to a constant background value. 1In this higher
angle region, secondary.maxima and minima become superimposed
on the weak and diminishing radiation. |

‘a, Debye Equation, 1In 1915 Debye;]f8 showed that the angular depen-

dence of the scattering from a particle of any shape, averaged

~over all orientations, is given by

' N - N
sin2nsr
scat(s) :E;cfm ;Egjfn 2TSY -
m=1 n=1 _

nm : (9)

s = (2/A) sin ©

where N‘is the total number of scattering elements in the parti~
cle,‘fﬁ and fn are the scattering factors of any pair of scatter-
ing element, rom is the distance between elements n and m, A is
the wavelength of the radiation and 20 is the angle between the
incident and scattered beams, From fhis equation, the angular
dependence of the scattering of variously shaped bodies can be
vcalculated by introducing specific expressions for Lom’ charac-
teristic of the geometry of the particular body. The approximate
‘shape of a scattering partlcle can be determined by comparing the
'experlmental scatterlng ‘envelope with envelopes calculated for
various geometric models. It is not’ necessary, however, to know

the shape of a particle to obtain certain information about its



structure,

b. Guinier Equation; Radius of gyration. 1In 1939 Guinier19

showed that scattering yields a characteristic‘geometric para-
meter of any particle which is independent of any assumption re-
garding its shape, namely the radius of gyration, Ry i.e,, the
rOOt-mean—square of the distances of all the electrons of the
particle from its center of electronic mass. Expanding Equation
9, Guinier showed that in the case of isotropic‘particles for

a point source radiation, and forusmall values of the product
RGS, |

2

40 - o : i '
+ —---}::1n(0)exp (-4/3ﬂ2(RG)252) (10)

"in(s) = in(O)(l-—n

2
3 RGs

where in(s) is the scéttered intensity at angle 29 corresponding
to a given vaiﬁe of s, (normalized to the energy of the incident
"beam, i.e,, referred to thé scattering produced by a single elec-
tron under the identical conditions; See Sects. III.A and IV.A );
in(O) is the normalized intensity extrapolated to zero angle.
Thus, at very low angles, a plot of log in(s) versus s2 gives a
straight line (Figure 3a), the slope of which is (4/3)N2Ré,
As will be shown below, the intercept,.in(O), is proportional to
the square of the molecular weight.zo
As a practical matter, it is rarely pdssible to utilize a
poinf'sourcej on account of its insufficient intensity. The geo-

metry generally chosen for the source. is one defined by a narrow

slit (See Sect. III.A). 1If the slit is long,so that its height



-11-

‘exceeds the. angular range, measured at the detector, at which
observable scattering occurs, it is said to be an "infinitely
high" slit. In analogy to Equation 10, the normalized scattering

intensity jn(s) from an infinite-slit source is given byl'3

(s) = 3 (0)exp (-4/31°R s%) + ¢(s) | (11)

“where jn(O) is jn(s) extrapqlated to zeré angle, R, is the
apparent radius of gyration, i.e., that referring to a finite

; _concentration oquolute, and ¢(s) is é residual function express-
ing the difference between the gaussian bortion of Equation 11

and the scattering actually observed.

c.'Deconvolution. The theoretical point-source scattering curve
can be constructed from the experimental infinite-slit data by an
approprlate mathematical transformatlonl which is fairly simple
 1n principle but, in practice, 1is attended with considerable
'difficﬁlties. It is usually carried out numerically on a digital
computer. Using the Luzzati3 form'of this transformation, in(s)

and jn(s) are related by

- 2,1/2
i ey o 1 / ,djn(s +t ; i 2 dt - 53
n T JoasZ+tH) /2 (sPath)

2 Molecular Weight

'If in Equation 9 each scatterlng element is taken as one

electron in the particle, and the particle contains m electrons,




then it can be shown that, for a single particle in vacuum,
ih(O) = m2. For J non-interacting particles, the total scatter-

ing at 20 = 0° is sz. Expressing the concentration in mass per

volume units, ¢, J = ¢/m, in vacuum,

i,(0)
C

=m (13)

Now, passing to the real case of macromolecules in solu-

21,22 gives for a two

tion, the fluctuation theory of scattering
component system, e.,g. an enzyme dissolved in water, the following
relation between the excess scattering of solution over solvent,

- in(O) and the fluctuations of

solvent’

Al (Q) = ln(o)solution

. 2
the electron density, Agg, 10 2 volume element of volume (V:

. : 2
Bi (0) = VVAp_ (14)

Here, V is the total irradiated volume and Py is the electron
density of the solution (number of electrons per unit volume).

Since

bl = (—-——S-] ac? (15)
| T

where S is the solute concentration expressed as the ratio of



the number of electrons of solute to that of solvent (essentially
a molal concentratian)) application of the thermodynamic rela-

. : . . 22 .
tions for concentration fluctuations results 1in

2 o ,
Q:Ps - Ce _ 1 _ 1 '1 5 Ce Bue
Yol K 2 ey o Ly und :
e Aln(o)p1 mapp m RT ace (16)

Tlpl . T'P

where'p; vis the electron density of the solvent, R.is the gas
constant, T is the thermodynamic temperature, @ is the chemical
potential of thg,solute and mapp is é? apparent mass (in elec—
trons) of the particle calculated for éach finite concentration
of protein at which scattering measureﬁents are made.23 Since

_aps ;

the electron density increment, e is not a directly

®r,p
measurable guantity, it must be replaced in a working equation by
one which is readily measurable. At constant temperature and

pressure,

5 = p, (-p ¥y (17)
where v, is the elecfron partial specific volume of the solute.
in studies on enzymes, the measurements are performed in solution;
thus the intensity value used is the excess scattering of solution
over solvent, Adn(S). For the sake of simplicity, we will drop
 the symbol A, taking note that in what follows, in(s) and jn(s)

refer to the excess scattering, Combining Equations 13 through 17,



expressing tﬁe‘derivative of the excess chemical.potential, ue,
of solute with respect tobconcentration as the usual viriél ex-
pansion, such as used in light scattering and osmometry,22 and
sétting,psit’-pl (since at low solute concentrations, the electron

densities of solvent and solution will be the same within experi-

mental error), leads to

S -2
- R |
Mapp = a0} (mpy¥y) g | ~ (18a)

and

m=m + 2Bm‘ce: (18b)

where B is the second virial coefficient. Extrapolation to zero
concentration of a plot of l/mgaﬁ vs. Cg leads. then, to m from the
ordinate intercept and, with m known, to B from the slope. The

molecular weight, M, is readily obtained from m, since
M = N, /4, ' (19)

where g is the number of electrons per gram of the particle,
- calculated from its chemical composition, and N, is Avogadro's
number,

3.~Other Parameters

For an isotropic particle of uniform electron density, at

large values of s, and using slit Optics,l'24
’ ' * *
lim s%5_ (s) = lim s> 3 (s) + ¢ s3
s*e S-r® no
(20)
*

’ *
jn (s) jn(s) -8



where 1lim s3

‘ oK ' *
i (s) = A and § are constants and j (s) is a
g+ :

- corrected normalized scattering intensity defined by the equation.
A plot of s3jn(s) VS, s3vfollows the form shown in Figure 3b: as

s3 increases, the product s3

jn(s) first increases rapidly in non-
linear fashion; at sufficiently high values of s3 this function
 assumes a linear form, with weak fluctuations superimposed on it,
The intercept of the straight line portion of this plot is A and
its slope is §* As has been shown by Luzzati et a124, §*
réflects»the internal structure of thé macromolecule. Knowledge
of A and j:(s) permits the calcﬁlation:of several other molecular
paraﬁeters24.

- The external surface area, S, of the particle in solution,

is giveh by3’2$'26

§ = 167° A (p, = py) 2 | (21)

where Py is the mean electron density of the hydrated particle.
‘Thé hydrated volume, V, can be obtained by integration under the

scattering curve,

:L (1 - pqY )zc :
vV = “n(0) _ = "*l 2 e (22)

<o * 00 .

Jbﬂsj (s)ds f Zns Jn(s)ds

2 n o - ,

- It may be shown that the surface-to-volume ratio is
S _ 81A
2 ‘ (23)
583n(s)ds

0



The excess electron density of the hydrated particle over
that of solvent, Ap = Py~Py, . Can be calculated from
*® *
£2ﬂsjn(s)ds |

Ap = (24)

+ p,c_(l-p,¥,)
ce(l—plwz) 2"e 172

- The degree of hydration, H, expressed as the ratio of the
number of electrons of water of hydration to the number of elec-

trbns of the dry particle, is

bp

"H =

The exact values of the parameters of equations 22-25 are obtained
by extrapolation to zero protein concentration.
‘With a knowledge of a nﬁmbe; of molecular parameters--

namely, M, R V and S/V-- the possible overall geometry of the

G’
unknown particle becomes highly restricted. Further information
6n the particle shape may be obtained from scattering at higher
angles. At these’angles (26 > 23,the X-ray scattering curves
dévelop maxima and minima superimposed on the Guinier relation-
ship, The positions of these are well defined for different geo-
metric models, and scattefing curves for various models have been
calculated (See Sect. IV.E). Compérison of the experimental
curveé with those calculated for various likely models thén

suggests the choice most compatible with the data.

4, Multicomponent Systems

All of the foregoing relations are rigorously valid only



for trﬁe two-component syStems, such as a macromolecular solute
immersed in pure solvent, e.g. an enzyme in water, 1In bioloéical
systems we nérmally deal with thermodynamically more complicated
multicomponent sysfems, thé additional components being buffer
salts, dispersing agents, or other perturbants. The proper inter-
pretation of data requires, therefore, the application of multi-
éomponent thermodynamic theory. 1In practice; it is found that in
‘dilute buffers (%0.2 M) the multicomponent effects are negligibly
smali and in mos£ cases the abdvevtwo—cdmponenf equations may be
used directly; .In‘thevcase of some enzymes, however, the solu-
tion properties of the macromolecules are such that a dispersing
agent must be added at high concentration (e.g. concentrated salt,
urea or organic solQents). In such a case, just as in light
scattering and equilibrium sedimentation, thé parameters measured
contain a contribution from the interactions between the macro-
molecule and solvent components. Multicomponent-fluctﬁation
theory yields for small-angle X-ray scatterihg an equation for

the molecular weight similar to that obtained in light scattering

27,28

(See chapter of this vélume). Defining principal solvent

as component 1, enzyme as component 2,and the additive as compo-

nent 3, we haves’29



c
e,2
2 [l+ RT

(26)



where the symbols have théir previous'méaning, and B' is a com-‘
plicated function of interactions between the varidus-components,
1dentlcal to that found in llght scattering (See chapter of
' thlS volume). 1In order to obtain the true molecular weight in such
a system, it becomes necessary to measure the extent of preferen-
tial interaction, i.e., (Bce?3/ace72) : between the enzYme
and solvent components in an aux111ary’§§;erlment for example

by equilibrium dialysis., The various geometric parameters also
become complex, since solvent interactiéns result in the fluc-
tuating unit being no longer isotfopic; as a result,vthe values
obtained from equations 11, 21, 22, and 23 can serve only as

. qualitative estimates. Equations taking multicomponent effects

into account can be developed, however, for the shape parameters,

5 Polydispersity

If the particles present vary in molecular weight and size,
the observed scattering is the sum of contributions from all

components, The Guinier equation then becomes

v" 3 R » 2
in(s) ;‘ZLn(S)i - Zce’imi 1,422 Zce,imiRG,i »
e - 3 27
Ke KIcg ; Icg 3 | | Ley My (27)

The values of the molecular weight and radius of gyration obtained
in such systems are, Ehen, the weight average molecular weight an
a radius of gyration of an average which is a function of the par-

ticle shape30.



D. General Remarks

1. Resolution

Similarly to other methods which measure the size and shape
- of macromolecuies, the resolution of small—anglekx—ray scattering
can be defined as the limit of molecular dimensions that can
réadily be measured. In discussing this question, it is expedient
to compare small-angle X-ray séaétering to the_related technique
of light scattefing. Reéélution can be expressed essentially in
terms of the highest value of thé'radius of gyration that can be
measured, Since the validity of the Gginier équation (eq, 10)

2 2

is an approximation based on the assumption that R, s <<1, in

G
practical terms this reduces the question to that of the iowest
value of the angular parameter; s'(see equa@ion 9), éttainable.

In light scattering, with radiation of ~4,000 ﬁ wavelength, and
the usual limits of angular measurements being ca. 20 = 20°, the
limit of attainable s—l is ~1.,2 x lO4 2. The Guinier equation
then imposes an upper value of 41,200 A for the radius of gyration
experimentally accessible. Similarly, in sﬁall—angle X-ray
scattering, the wavélength is 1.5 i, while the smallest angle

that can be readily reached is ca, 10'; thus, the limit of
attainable s ' is ~540 A, This sets 55 A as an upper limit for
the radius of gyration that can be reasonably measured. For a
spherical protein, RG2 =-% r2 (where r is the radius of the
sphefe); this sets 65 R as the maximal value for. the measurable

radius which corresponds to a molecular weight of ca. 300,000,

The converse of this relation is the limit of the lowest molecular



dimensions that can be detected. In light scattering this is
of the order of A/10, or ca. 400 R; in small-angle X-ray
scattering, since the wavelehgth iSIVery small, there is, in
principle, no similar 1imit. In practice, however, the low in-
tensities of scattering from biological macromolecules require a
minimal molecular dimension of ~10 R.

When the overall dimensions of a particle are iarge com-
pared to the maximal resolution attainable, i.e., when RG252 is
not small, the angular dependence of ecattering no longer obeys
the Guinier equation, Relations can be developed, however, fer
the angular dependence of the scattered intensity for particular
structural models, For example, in the case of longvasymmetric
structures,. such as those encountered in mvosin, coilagen, or in
the associated form of glutamate dehydrogenase,31 the parameters
which are readily obtainaﬁle are the cross-section radius of
gyration, R, i.,e., the radius of gyration for rotation about the
long axis, and the mass per unit length, m/1, of the equivalent

rigid rod. The corresponding scattering equation is:32

. | 2
ENCE 7,? ce (bmpy¥3) exp(-1°R2s %)k (n?R2s?) (28)
g °

_

where m is mass in electrons, 1 is length in & and the other sym-
bols have their previous meaning; K, indicates a kappa -function.
A striking example of the differences in resolution between

light scattering and small-angle X-ray scattering is shown in



Fig. 4, where é comparison is gi&en of the structural features
observed by the two teéhniqueé for DNA and ribosomal RNA. 1In
small-angle X-ray scattering, DNA appears as a rigid rod with
cross-sectional dimensioné characteristic of a Watson-Crick

32

double helix, In light scattering, where ten times greater

dimensions are viewed, DNA appears as a stiff worm-like chain.33'34
The heavy (32 s, 1.9 x'lO6 molecular weight) component of ascites
tumor cell ribosomal RNA is seen in light scattering as an
asymmetric globular structure with a fadius of gyration of 355
5,4'35 while small-angle X-ray scaﬁtering at ten times greéter
resolution sﬁows that thié molecule is»actually a zig-zag chain
composed of double-helical éegments ca. 85 & in length linked by

flexible joints,4r36:37

It should be pointed out, furthermore,
thaf if the small-angle X-ray scattering experiments on the RNA
had been limited to angleé greater than 1° (i.e._,-s—l < 85 R),
the angular dépendence of scattering would have been that charac-
teristié of a rigid_double;helical rod. This example shows how
two related techniques which view molecular dimensions at differ-
ent resolutions cén be used to great advantage together to obtain
~ rather detailed structural information on macromolecules in solu-

tion and to compare the géometric features of two structurally

related molecules

2, Limitations

" The method of small-angle X-ray scattering is almost unique
in its ability to give simultaneously geometric and thermodynamic

parameters of macromolecules in solution; it also has great



limitations and is best used late in e study} i,e, on already
well defined systems. The principal limitation stems from the
low intensity of scattering and the necessity to perform measure-
ments at'angles very close to the incident beam. This imposes
the instrumental requirement of an extremely fine degree of
collimation, which will be discussed below (see Sect. III.A).

The second difficulty, related to the low intensities, is the
necessity to use slit sources of radiation, The theoretical equa-
tions describing the angular dependence of the scattering from
structures of various shapes, however, have been derived for a
’point source, This requires the use of mathematical transforma-
tione such as equation 12 to "desmear"-the data (see below,

Seet. IV.B); such operations are not feasible without the use of
compute i Reiated also tc the low intensity of scattering are
two additional limitations. One is the need to use lengthy scans
(~24 hours per concentration point) in order to record a suffi-
cient number of ceunts over the angular-range normally covered
(from +8° to -8°, see below, Sect. III.B). The other is the
necessityAto use high protein concentrations (5-70 mg/ml).
Therefore, in a highly nonideal system, such as an enzyme at a
pH far from its isoionic p01nt the product 2Bmc of equation 18,
could become very large, introducing great uncertainty into the
measured molecular weighf. In an associating system, the data
wduld fall essentially into the concentration range where the
aggregated species predominate, 1In such_systemg'it is best to

combine the application of small-angle X-ray scattering with that



of other thermodynamic techniques, such.as 1ight séattering and
sedimentation equilibrium, in which the measurements are performed
over progreséively decreasing concentration ranges. Such a com-
parisén is shown in Figdre 5 for_the association of pB-lactoglobu-
lin A. As can be seen, good agreement can be obtained between
sedimentation equilibrium38, which gives the details of the reaction
in the low’concentration range, light scattering, which is used

to characterize the middle and high concentration rangeng’40

and small-angle X-ray scatter1ng4l,

The fact that the small-angle X—ray scattering data are
available at high concentrations has, however, the advantage that,
in an associating system, the radius of gyration measured is
essehtially that of the enzYme polymer., This follows directly
from the types of averages which are measured, Just as in light

‘scattering, small-angle X-ray scattering yields the weight-average

molecular weight and a higher-order average radius of gyration,

. . h 2
Ef = gf;fﬂfﬁica (29)
G XciMi ,

Since the relation of the radius of gyration -to the molecular
weight is a function of the shape of the particle, this average
can be complicated. The proper relations for a variety of geo-
29,30 '

metric models have been tabulated elsewhere

3 The Role of Dust

The higher-order average of the radius of gyration measured

in small—angle x-ray scattering, together with the form of the



. : C e l2.2 | :
Guinier equation, an exponential in -s"R_,, leads to an experi-

G
mental simplification., Namely, the "dust problem", familiar in
light scattering (See chapter )42'43 is not found in

small-angle X-ray scattering. "Dust" particles are so large
that their scattering is almost fully in the forward direction.
Thus, when angles of > 5' are reached, i.e.rthe angular range

ih which small-angle X-ray scattering measurements usually begin,
theré ié no significant contribution remaining from "dust"
scattering., As a resu;t, as a practical matter, small-
angle X-ray scattering does not féquire the élaborate solution

clarification techniques normally used: in light scattering.

iII. Experimental

A, Apparatus

X. Basic'Requirements

Despite the similarity, or even pasic identity, of small-
angle x—ray‘scattering (saxs) theory to the theory of light
scattering, instrumentation for measuring the corresponding
phenomena has takenquite different forms.

‘In principle, both techniques require the same basic
apparatus components: (a) a radiation source, (b) means for selec-
ting desired wavelengths from this source, (c) a collimating
system for ensuring a desired geometry for the irradiating beam,
(d) a sample holder or, in the case of samples’fh solution, a
sample vessel or cell, (e) some type of goniometer arrangement for

allowing ohservation of the scattered radiation over a range of



preCisely defined angles with reépect to the incident radiation,
(£f) a radiation aetector mounted on the movable arm of the gonio-
meter, and (g) a data readout with optional ancillary data-
processing equipment, (In an earlier stage of development, and
occasionally still in use today for certain purposes, the function
of the last three cémponents is performed by appropriately
~arranged photographic film., These are subsequently evaluated with
a densitometric device to relate the infensities of the photo-
graphic record to angular positions %hjncethe apparatus is
referred to as a "scattering camera.") |

| As a practical matter, the speéﬁal characteristics of
X-réys have made it necessary for X-ray scattering apparatus to
éssume very particular forms., Furthermoré, the slow development
of the apparatus over ﬁhe pasﬁ four decades has reflected the
special interests and personal apprdaches of individual workers
in the field,«many of whom attempted designs of their own, few
of which ever have become commercialized,

In the following, the main features, as well as the most
prominent instruments illustrative of a givén type will be des-
cribed briefly. Since scattering is a general phenomenon of
which diffraction may be considered to constitute a particular
case, it will not be surprising that many of the less specialized
apparatus components used for X-ray scattering are the same as
tﬁose familiarly used in X-ray diffraction equipment. In fact,
the term "diffractometer" is frequently used to refer to a SAXS

apparatus comprising a goniometer, as contrasted to one comprising



a camera, 'In view of the variety of relevanf design features
and, at the same time, the scarcity of models in general use,
the principal special requirementé, many of which are inter-
related, will first be considered in some detail.

2. Special Requirements

a, Stability of Source and Apparatus. Scattering is a quantum

process, hence a réndom event,-and acceptable counting statis-
tics presuppose a certain minimum number of counts.44 Since
dilute solutions.of biological macromolecules are weak scat-
te:érs (typical scattered intensities at 1° scattering angle
might be of the order of 20 to 100 counts/second) the accumula-
tion of the requisite number of counts, whether measured contin-
uously or diséretely at a number of points over the angular
fange cf interest, involves relativaly long total ccunting times,
of the order of.12 to 24 houfs;vand sometimes more. During this
entire time, the intensity of the primary beam is expected to
remain constant, as is évery other parémeter of the instrument,
such as its'geometric relationships and the detector gain,

These considerations, which are of no concern in the case of a
camera, are mattefs of great consequence with a detector instru-
ment,

Stability of the detector and of the signal-processing
electronics may be achieved by the use of stabilized power
supplies and by suitable design and selection of electronic com-
pongnts to assure negligible drift. Physical stability to assure

maintenance of the relative positions of all the apparatus ele-



ments, such as source, slits, sample, .and detector,'is achieved
by'proper mechanical design, 1nclud1ng choice of dimensions,
materials of construction, balance, methods of support, and fas-
tenings of components, Source and goniometer are usually mounted
on a rigid steel or marble plate, often the top of a commercial
X-ray generator, (In the construction of our instrument we have
made use of the rigidity afforded by an eight-inch thick granite
slab,) 1In addition, dimensional changes due to temperature fluc-
tuations should be controlled by ambient air conditioning to
.within #+ 0.5°C, with special avoidance of exposure to transient
temperature extremes; i,e.,, the apparatus shorld not be directly
exposed to the stream of air issuing from the conditioning system,
and it is desirable to shield it by air locks from less well-
controlled air from adjacent rooms. Variations in barometric
pressure and humidity, because of thelr effects on proportional
detectors and on static charges which may affect the measuring
system, have also been found to be detrlmental.45'46

Stability of the X-ray source has preésented much more of
a problem, It is necessary to start with an X-ray generator in-
corporating a high degree of voltage regulation and tube- -current
4stabilization. Diffraction tubes generally employ water cooling
to protect the life of the targets Close temperature control
(to = 1 C) of this cooling water, though not usﬁally important
in diffraction work, is essential in Scattering work to maintain
the dimensional stability of the target, as otherwise the focal

spot will tend to wander, compromising the delicate alignment of



"the scattering apparatus, Instruments employing crystal
ﬁonochromators (to be discussed below), which image the narrow
focal spot of a fine-focus tube (typically, 0.4 x 8.0 mm), are
more sensitive to even slight focal-spot wandering (of the order
of a fraction of a micrometer) than are pure slit-collimating
instruments. In these the slits eliminate a relatively large
portion of the much larger focal spot of a regular tube in order
to produce the narrow primary beam required and a slightly
shifted focal spot will still completely illuminate the slits,
Since higher intensity primary beéms.will yield higher scattered
jintensities and thus allow shorter counting times or scans, high-
power tubes have been employed using currents in excess of 80 mé,A
as Compared with currents nearer 25 ma for a fine-focus tubé.
HoWever; to ‘dissipate the heat‘generated by the electrons bom-
barding the anode at this rate, rotating anoaes‘have to be used.
The rotating motion and the slight vibration involved again
aggravate the problem of focal spot wander.47

DeSpite all measures taken to obtain étability of the
entire system, the primary beam will still be found to have éome
tendency to drift over the relatively long experimental times
involved. Detection of this dfift,.and possible correétion for
it, has been attempted by monitofing the beam intensity. Prac-
tical difficulties inherent in this approach have prevented it
_frbm being adopted to any great exﬁent in scattering work, although
a recent design of a monitor system has been described by Kratky
et, al.48. The application of signal averaging, a technique
increasingly used to improve signal-to-noice ratio (e.g., in

nuclear magnetic resonance work), has been suggested49'°0, though



again not widely adoptéd.

In the absence of a monitoring device, it is not possible
to establish directly whether the primary beam intensity had
remained constant throughout an extended experiment, An indi-
rect check on constancy, however, can be obtained by virtue of
the near-perfect symmetry of the scattered intensities on the
two sides of zero angle which is a characteristié of a well-
aligned instrument. This is accomplished by folding a chart
record of intensity vs. angle at the zero angie position and
examining by means of an illumin#for.whether the two branches
of the recorded curve are coincident, :If instability due to
any ¢ause, in any part of the total system, has‘occurred during
an'experiment; it is virtually certain to manifest itself here
as a lack of symmetry, since the likelihood of one kind of dis-
turbance being precisely compensated by anbther is vanishingly
small, It goes,withoﬁt saying that the chart paper may not be
opaque, and also that this valuable check is not available unless
the scattering instrument is so designed as to allow measurements
on both sides of the direct beam,

b. Quality of Source. Beyond the aspects of stability and inten-

sity, mentioned in the preceding seétion, the cross section of
the primary beam,and hence the focal spot, is required to be
homogeneous and, for the slit optics discussed beiow, it must be
of rectangular rather than of trapezoidal or other shape. Par-
ticularly with crystal monochromatization, the €ffect of any

deviation from these requirements becomes readily noticeable,



The épectral purity of the radiation obtained from the
tube is of great importance, especially if the primary beam is
not monochromafized. In the absence of other monochromatization,
even the use of a pulse-height analyzer does not yield sufficiently
fine energy resolution to prevent smearing of the scatterihg
curve due to the energy distribution.51

‘Even an unéontaminated target and tube producing pure
copper tadiation, the radiation most offen chosen for SAXS,
does .not yield radiation of a single wavelength since, depending
on the reiation of the exciting éétential to the Duane-Hunt
short-wavelength 1imit,52 varying amounts of the copper conti-
nuumaand of characteristic’radiation other than the desired K
line are preéent. A pulse—height analyzer can eliminate the
continﬁﬁm and the unwanted characteristic lines, including nearly

all of the K though not the higher harmonics of the Ka line

pl

if the potént%él is high enough to excite them. The use of ba-
1anced filters, i.e., a combinétion of Ni and Co filters of the
proper.thickness whdse absorption edges brécket the Cu Ka line,
will accomplish the same result, but in either case the K, line

will still consist of the K - K doublet., A well aligned

1 2
high quality crystal monochromator, on the other hand, can sepa-

rate this doublet and yield the Kh , the larger component, free
1 .

from all but traces amounting to a few percent of the Kd .53'54

’ 2

Monochromator crystals may be flat, but they yield higher

intensities when bent. 1In the configuration of“JohannSS, a thin

crystal plate, elastically or plastically bent to a radius of



curvature R (Figure 6), focuses rays from the source S, diffrac-
ted by an angle © obeying Bragg's law, approximately to point F,
where s, F, and the center of the'crystal face lie on a circle
(the Rowland circle) having a diameter equal to thé radius of
curvature of the bent crystal. This crystal is tangent to the
c¢ircle, since the radius of the circle is only one-half the radius
of Curvature of the crystal. For exact focusing, the face of the
crysfal must be ground to be coincident with, rather than just

56’57> This latter

tangent to, the circie éécording to Johansson,
technique is more exacting, the crystals are much more costly,
and‘the anticipated increase in intensity due to more perfect
fdcusing is freduently not realized because of other,deviations
frdm ideality, so that the Johann type crystals are the ones
ﬁore geherally used., For Cu Ka radiation, quartz lawinae, €las-
tically bent, have been found most suitable. The 1011 lattice
pianes ére the ones utilized; by cutting the cryétal faces at
an angle a (typically, 8°) to these‘plahes, a desirable asymme-
try results'which ailows a more favorable geometry for the instru-
ment, With this method,bthe intensity of the focal spot is
better utilized, and a longer optical path is made available
for the slit system, becausé the monochromator may be located
much closer to the source, than Would be possible with a symme-
triéally'cut crystal.s8 Since for a given spacing d and angle

o, Biégg's law, nx = 2d sin ©, is satisfied by only?gglue of
ni, tiue monochromatization (except for the admission of har-

‘monics) is achieved.



c, Slit Geometry. Scattering theory has been derived for a

.point source. Point sources or, more realistically, spot socurces
are so weak in intensity that they have been employed in few
instruments, Customarily, one resorts to a source having a
negligible extension in only one dimension, i.e., an illuminated
slit, which produces a beam of narrow rectangular cross section.
Such a slit or line source can be conceived of as consisting of

~a large number of spot or point sources along a straight line,
and the scattering curves produced by such a slit are derived
from those produced by a’point soﬁrce by the "smearing",or
superposition, of a large number of thg latter, in a manner
corresponding to the mathematical operqtion of convolution. 1In
order to be evaluated, such so-called "slit-smeared" expefimen—
tal curves generally must be "de-émeared" or deconvolﬁted, In

practice, this is ndt always a simple matter. Numerous methods,
graphical, analytical, and numerical, have been described.59—66

For this deconvolution, the actual intensity distribution
of the longitudinal beamvprofileAmust be known, The mathematics
become somewhat simpler if the assumption of an infinite slit
height may be made, i.e.; if the height of the slit is greater
than the arc length over which the detector can see any appre-
ciable scatfering.

The earliest slit geometry still in common use employs
four slits (see Sect. III.A), the first close to the source, the
second close to, and just ahead of the sample, and two more slits

between sample and detector. The first two are collimating slits



whose function is to remove all but a thin, nearly parallel
bundle of rays from the primary beam coming from the source.
The third is the receiving slit; it defines the angular position
at which the detector reads the intensity. The fourth is an
anti-scatter slit, which prevents the detector from seeing any
scattered or parasitic radiation from directions other than £he
irradiated volume of the sample.

Use of a curved-crystal monochromator leads to a second
slit geometry (see Sect, III.A). _The monochromator described
in the preceding section, besides‘séiecting the desired wave-
length, also performs a focusing function. Whereas the four-
slit geometry selects from the widely diverging beam issuing
from the X-ray tube window a very thin and only very slightly
diverging beam, the monochromator ﬁocuses a widely diverging
beam; and thus concentrates a Eonverging beam on the sample and
the detector. -There is little, if any, net gain in intensity,
since various losses due to the monochromator are 1argé enough
. to outweigh the collimation lossés due to the first two slits
of the pure four-slit system. The monochromator still requires
the use of four slits; however, the first fwo'slits in this system
no longer have a collimating function. The purpose of the first
slit is solely to eliminate parasific radiation produced by
scaftering from the monochromator holder and elsewhere, wﬁile the
second slit removes radiation scattered from the edges of the
first, - The qguality of these two slits and their édjustment (and

particularly that of the second slit) are exceedingly critical in



this system, as is thé fine adjustment of the monochromator it-
"self to the exact focuéihgﬂpositioh, The number of elements
which must be in preciSé alignment makes this system very depen-
dent on effective provisibhéito.facilitate these potentially
very time-consuming adjustﬁents;

A third geometry, that of K;atky (see sect. III.A), is
particularly successful in eliminating parasitic radiation origi-
mating from slit edges and, thus, is capable of»very high resolu-
f£ion. In place of the.initial two slits it uses a precisely
nmachined asymmetric system of steel blocks to produce a region
| virtually free of parasitic scattering very close to one side of
the direct beam, albeit at the price of making inaccessible to .
'obseivation one half of the scattering region, namely that on
the other side of the direct beam,

;Still other, less generally used collimating systems will
be described together with‘the specific instruments which use

them (See Sect. III.A).

d. Resolution and Angular Range. The problems of the geometric

definition of the beam and of the elimination of pvarasitic scatter-



c, Slit Geometry. Scattering theory has been derived for a

vpoint source, Point sources or, more‘realistically, spot solUrces
are so weak in intensity that they have been employed in few
ihstruments. Customarily, one resorts to a source having a
negligible extension in only one dimension, i,e,, an illuminated
slit, which produces a beam of narrow rectangular cross section.
Such a slit or line source can be conceived of as consisting of
~a large number of 5pot or point éources along a straiéht line,
and the scattering curves produced by such a slit are derived
from those produced by a point soﬁrce by the "smearing",or
superposition, of a large number of thg latter, in a manner
corresponding to' the mathematical operation of convolution, 1In
order to be evaluated, such so-called "slit-smeared" expefimen—
tal curves generally must be "de-smeared" or deconvolﬁted. In
practice, this is ndt always a simple matter, Numerous methods,
graphical, analytical, and numerical, have been describecfi.sg_66

For thié deconvolution, the actual intensity distribution
of the longitudinal beam_profileAmust be known. The mathematics
become somewhat simpler if the assumption of an infinite slit
height may be made, i.e., if the height of the slit is greater
than the arc length over which the detector can see any appre-
ciable scatﬁering.

The earliest slit geometry still in common use employs
four slits (see Sect. III.A), the first close to the source, the
second close to, and just ahead of the sample, and two more slits

between sample and detector. The first two are collimating slits



whose function is to remove all but a thin, nearly parallel
bundle of'rays from the primary beam coming from the source,
The third is the receiving slit; it defines the angular position
at which fhe detector reads the intensity. The fourth is an
anti-scatter slit, which prevents‘the detector from seeing any
scattered or parasitic radiation from directions other than the
irradiated volume of the sample.

Use of a curved-crystal monochromator leads to a second
slif geometry (see Sect, III.A). . The monochromator described
in the precéding section, besides séiecting the desired wave-
~length, also performs a focusing fﬁnction. Whereas the four-
slit'geometry selects from the widely diverging beam issuing
from the X-ray tubevwindow a very thin and only very slightly
~diverging beam, the monochromator focuses a widely diverging
beam; and fhus concentrates a Eonverging beam on the sample and
the detector, ~There is little, if any, net gain in intensity,
since various losses due to the monochromator are largé enough
. to outweigh the collimation lossés due to fhe first two slits
of the pure four-slit system. The monochromator still requires
the use of four slits; however, the first fwo'slits in this system
no longer have a collimating function. The purpose of the first
slit is 'solely to eliminate parasific radiation produced by
scat£ering from the monochromator holder and elsewhere, wHile the
second slit removes radiation scattered from the edges of the
first. The quality of these two slits and their édjustment (and

particularly. that of the second slit) are exceedingly critical in



.this system, as is the_fine'adjustment of the monochromator it-
.'self to the exact focusing position. The number of elements
which must be in precise alignment makes this system very depen-
dent on effective provisions to facilitate these potentially
very time-consuming adjustments.

A third geométry,'that of Ktatky (see Sect. III.A), is
particularly successful in eliminating parasitic radiation origi-
;gnatiné‘from‘slit edges and, thus, is capable of-very high resolu-
f£ion. 1In place ofwthe.initial two slits it uses a precisely
machined asymmetric system of steel biocks to broduce a region
virtually free of parasitic scatteriogAvery close to one side of
the direct beam, albeit at the price of making inaccessible to -
-obsetvation one half of the scattering region, namely that on
the other side of the direct beam,

Still other, less generally used collimating systems will
be described together with.the s?ecific instruments which use
them (See Sect. III.A).

da., Resolution and Angular Range, The problems of the geometric

definition of the beam and of the elimination of parasitic scatter-
.-dng are central to the design of any SAXS instrument. Aside from-
.*theigeometry of the goniometer, the precision.of its position
readout and any associated geatiog, and the width of the receiving
slit, tﬁe resolution of the instrument depends on the width of the
primary beam at the receiving slit.' In all the systems mentioned,
narrowness of the primary beam is achieved to a great extent at

the expense of its intensity, so that a compromise has to be

cxreached between the precision with which data may be obtained and



the concentration at which the sample may be studied, or its
1nverse, the extended time requlred for the study, with its
attendant drawbacks, Nevertheless, the monochromator system,
because of its converging beam, and the Kratky system, because

of its freedom from parasitic}scattering, have inherent advantages
over the four-slit System with its. diverging beam and substan-
tial parasitic scatterlng from its collimating slits,

- Some of the information of interest in SAXS is contained
in the data at the smallest angles and, because of the inverse
relatlonshlp between d and eblndlcated_by the Bragg law, the
larger the molecules (or particles) studied, the smaller these
Vangles. Yet, the smallest angles (forward scattering, close to
zero angle) are experlmentally inaccessible because they are
occupied Dy the primary beam which, owing t¢ itz finite width,
must extend some distance on either side of the zero angle,

Belng of the order of 10 - lO6 times more intense than the
adjacent scattered intensities produced by all but the strongest
scatterers, it will mask these as soon as they overlap., 1t is
true that, to protect the detector, the primary beam is invaria-
bly blocked in X-ray work by a heavy-metal beam stop or some
equivalent device, but this provision itself leads to some de-
gradation of data, TIf the beam stop, or its equivalent, is
slightly too wide, it will block also the measurement of some
otherwise detectable scattered radiation; if it is slightly too
tnarrow it will allow some of the dlrect beam to sptll over and
swamp scattered radiation, Furthermore ‘the prlmary beam is not

truly a sharp beam entirely confined to a limited angular regicn,



The 56—called rocking curve, the curve of beam‘inteﬁsity vs.
angle, has tails extending out to fairly largé angles (except
in the case of some double-crystal instruments, where these
tails may be very sharpiy limited); The tails are exceedingly
faint compared to the peak intensity, but they are by no means
negligible on the millionfold smaller scale of the scattered
radiation,

-it is clear then that the collimation or narroWness of
- the beam, besides influencing the general precisibn of the data,
determines the small—anéle limit, It can be readily appreciated
that the aforementioned requirements a;e‘particularly sensitive
" to the problems of stability, discussggﬁrgée Sect. III.A). 1In
fact, it may be said that the greatest single diffiéulty in
‘designing a SAXS instrumenfbresides in this complex of require-
ments,

>Other information of value is obtained from scattering
at relatively high angles, .up to about 8°, Here the scattered
intensities are very low. To obtain measurements within rea-
~ sonable counting times it is desirable‘to work with as much
scattering matérial as possible, i,e., with relatively high con-
centrations, There are, however, practical upper limits to the
usable concentrations of protéin solutions, and thus the counting
timés are inevitably lengthened. Again, the requirement for
long-term stability makes itself felt here.

e. Absolute-Scale Intensity Measurements, Absolute-scale mea-

surements allow the calculation of particle parameters not

readily obtained otherwise, as discussed in the section on prin-



ciples (See Sect. II.C). Absolute-scale intensity or, for éhort,
absolute intensity, or absolute-unit measurements, may be defined
fundaﬁentally as the'intensity scattered by the sample at any
anglé in terms of the intensity scattered by a single classical
electron under the same conditions, .i.e., expressed ih electron
units67. For working purposes it has been defined in terms of
the ratio of the scattered intensity to that of the incident

beam;68'69

These two definitions, and yet others, may not be
entirely equivalent, the second one being nof necessarily inde-
pehdent of the collimation system; a more detailed discussion
may be found elsewhere.70
The chief experimental.difficulfy consisﬁs in measuring
the intensity of the primary beam.' Thébintensity of the unatten-
nvated primary beam, as menticned abowve, is so much greater than
the scattered intensity that the two cannot be directly measured
on the same scale by any practical apparatus. In fact, the
unattenuated difect beam is much too intense for the counting
speed of even modern X—ray.detecting.devices with few éxceptions.71
Hence, for any direct comparison with the scattefed radiation,
it must be attenuated or sampled in some precisely defined manner,

11,68,72,73,74 by

'Attenuation by calibrated filter foils
utilization of the Bragg reflection from a perfect Si crystal75,
or by fractional-time sampling of the beam by means of a rotating

69,76 have all been employed with some

disk with a calibrated hole
success, although each method has its own difficulties. The filter
method requires flaw-free foils of very uniform thickness, and

the calibration of a set of filters to the required accuracy is a



very time-consuming procedure; again aepénding on stable radia-
tion, The anomalous transmission method and the rotating-disk
method are,Aunlike the foil method, experimentally awkward and
not well adapted to routine use. Indeed, the rotating-disk
méthod has been used'essentially in only one laboratory, where
it has served in the calibration of a large number of secondary
standards, which in turn are employed, there and elsewhere, in
measurements where scattered intensities are in this way indi-
rectly referenced to their tespective-primary beams45.

- Indirect comparison with the primary béam can be accom-
plished by reference to a standard scatterer which may be a
priméry or a secondary standard. Use of a secondary standard, a
sahple calibrated by means of one of the direct methods just
mentionéd has been the method chosen by Kratky and collaborators,
employing samples of polyethylene.77"79 »It is an absolute re-
quirement that thé sfandard possess long-term physical, chemical,
and radiation stability; the last problém, in particular, appears
not to have.been completely solved. |

The second indirect method of comparison is by éstablishing
a primary standard by calculation of its scattering properties

from basic data.72 80,81, 82

83,84

This approach is feasible for gases,
gold sols and silica gels.85 »The number of materials suit-
‘able for such standards is limited and the measurement of their
intensities is apt to take very long. Thus, this method also is
not,sﬁitable for routine use, In addition, the furﬁher the phy-

sical state of the standard differs from that of the samples to

be studies (protein solutions, in our case), the more will the



geometry of the setup be inevitably different, and comparability

of the two types of measurements becomes questionable.

f: Alignment Provisions and Other Apparatus Features. 1In design-
ing SAXS apparatus, overriding consideration must be given to

" adequate provisions for adjusting the many elements (monochroma-
tor, slits, sample holder, scanning arm pivot and detector)
through which the incident and the scattered beams are required
to pass. Each has a number of degrees of freedom and the proper
alignment of several of.these is quite critical. Moreover, these
alignment provisions must also as;ure stability.

Regarding precision and repeatability, these provisions
may’fange in various inétruments from simple manual shifting of
entire apparatus subassemblies on their supports, and their main-
tenance in position simply by gravity, to motions in dovetailed
or ball-bearing tracks, controlled by precision or differential
screws, Posigion indications, if provided, may be by simple
scales, with or without»vernief, by~dia1'indicator or, most often,
by micrometér heads.. pPart of the reason for thevpopularity of
micrometer heads is the fact that they combine the positioning and
indicating functions in one relatively compact device. Where
vfairly large adjustment forces as well as great positional accu-
racy is required, a separate drive in conjunction with a dial in-
diéator may be more suitable,

;VIf the scatfering apparatus .is intended for one type of
appiiéation only, flexibility and general accessibility of the

apparatus are not essential factors. If studies are to extend



to a variety of materials,_temperaturés,'concentrations, states
‘of aggregétion, or particle‘sizes, an apparatus permitting
various adjustments and the use of possible accessories becomes
desirable. Almost inevitably, there must be some sacrifice of
stability, because ah adjustable element, unless especially
well constructed, is never quitevas rigid as a similar fixed
one, and an accessible appafatus-layout will tend to be more
spacious and not as rigid as a more compact one., Good mechanical
design, however, can minimize any detrimental consequences of
such a compromise,

One factor in this respect is the spatial orientation of
the épparafus. The great majority of designs have utilized a
‘horizontal layout, i;e.; one in which the scanning motion is in
a horizéntal plane (confusingly, this is sometimes referred to
as "vertical," because the motion is aboﬁt a vertical axis).
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Some major designs (those of Kratky and Skala and of Luzzati

11

et. al;"") use a vertical motion (and, consequently, a horizontal

axis), as dé some successful standard X-ray diffractométers (e.qg..
thét‘manufactured by Philip387).87a The advantage of the verti-
cal design follow from its inherent compactness: savings in floor
space, and possibly (but nd£ necessarily) increased rigidity.

In diffraction work it is customarf to use an X-ray generator
whose top surface fulfills the function of a work table, with

the X-ray tube mounted, tower fashioh,'on its center. 1If the

tube is thus mounted vertically, a four-window tube housing

allows the use of as many as four instruments (diffractometers,



cameras, or other accessories) at the:same time; This fesults
in a‘highly efficient utilization not only of the available
bspace but also of the operating capacity and of the limited life
of the tube.88 | | o

. Because of the'genefally increased compactness, with the
apparatus, so to speak, extending into the air, flexibility aﬁd
Vgéneral accessibility are somewhat diminished compéred to a
- horizontal layout. .If, in order to permit an extended angular
range of obser&ation, the goniometer is mounted on a vertical
base plate, the various subassémblies must be mounted and various
. adjustments must be performed in this generally cramped vertical
- plane, in which even temporarily placeé components need to be
clamped to remain in place. ‘Similar sféps are simpler and more
¢onveniént on a horizontal table. A horizontal instrument can
be modified mﬁch more readily, with fewer problems of maintaining
méchahical balance and original rigidity. It must be understood
that a horizontal instrument, having vertical slit requireﬁents,
requires a horizontally'moﬁnted tubé,‘either or both of whose
vertical line-source windows_ﬁill be thus available. One of the
spot-source windows will bé pointing downward and'Will'be unus-
able, and the other will be pointing upward and will not be
conveniently usable, Tﬁié is hardly a sacrifice, since the spot:
' sources are rarely utilized in an apparatus primarily devdted to

~ scattering work.

3. Survey of Existing Instruments

a, Slit-Collimation Instruments. Early designs'of slit instru-

ments incorporated three slits, two collimating slits and one



- guard slit aheéd of thexsémple. The choice of the various di-
mensions for optimum results has been diséussed extensivelysg'go’91
and a number of cameras have been built on this basis (e.gq.
Hoseman).92

By wayvof digression, it may be noted here thaf camera-
type:instruments almost invariably have provisions for a vacuﬁm :
path, fbr two reasons, The first, which applies to.gdniometer
instruments as wéll, is the reduction of absorption losses by
air,.which increase the intensity probleﬁ. The second reason
lies in thg‘parasitic scétteriﬁg.produced in the air volume
between sample andbdetector. As poiﬁted out by Luzzatill, this
- scattéring is sérious in the case of a’ camera because the entire
emulsion is subject to it during tﬁe wale»period of exposure,
but is lessvserious in the case of a gcniometer, Here the pie
sence of a third and é fburth slit between sampie and detéctor
limits the direction from which parasitic scattering can impinge
on the detector at any one time to the very small amount arising
along the line of theAséattering angle at that time, since a
goniometer involves a sequential method of detection. As a result,
vacuﬁm chambers are frequently notlused with goniometers, and if |
used, they are usually found only be£ween the sample and the de-
tector,

The addition of another slit results in the four-slit
geomefry,‘Fig. 7, favoréd by Beeman93 and his collaboratorssl'94
and still currently used. In order to obtain sufficient iﬁtensity,

rotating X-ray anodes are frequently used with this type of instru-

ment. Absolute intensity work, when undertaken, has utilized



compafison with scattering from a standard gas (See Sect, III.A).
A commercial form of this type of apparatus (but without special
provisions for absolute measurements, and without symmetrically
adjustable slifs) is the instrument manufactured by Rigaku Denki,
Ltd., Tokyo, distributed in the U.S. by Engis, Inc. Instrumehts
of this kind have been used in the study of biological solu-

94 95 | 96

tions by Anderegg et al.” , Ritland et al.”~, and Brierre .

b. Crystal Monochromator Instruments, A goniometer instrument

with a monochromator consisting of a flat crystal has been des-
cribed by Kahovec and Ruckg?. Most designs, howe&er, have taken
advantage of the_observations qf Guiniér58 that (a) curved crys-
tals'yield both greater inténsity énd fhe advantages of focusing,
ahd (b)‘asymmefrically cut curved'c:ystals, following a sugges-
tion‘by Fankuchengs, have considerable practicai advantages (See
Sect.VIII.A). The resulting geometry (Fig. 8) shbwsvthe angle
of convergencevof the primary beam, w, and the region b, subject'
to parasitic scattering, which limits the definition of fhe
primary beam. The relative advantages of this system have been
discussed by Guinier and Fournet99; as have those of various
more complicated systems using double crystal monochromatization,
Because of increased complexity, the latter, while having certain
‘uses for X-ray diffraction, are not practical for routine SAXS
work,

- A method of using a Guinier-type instrument, without

vacuum chamber, in such as manner as to cancel various constants



peculiar to the instrument and its géometry has been devised by
Luzzati‘and co—workersll'Gs. Whereas all insfruments mentioned
so far have been horizontal, that of Luzzati, which makes use
of the commercial Philips goniometer, is vertical. It uses a

' fine-focusktube in conjunction With a curved-quartz monochroma-
tor; calibrated nickel-foil filters for absolute measurements,
and a'Geiger— Miiller tube or proportional counter for detection.
A further development of this type of instrument has been des-

cribed by Pessen et a1.6'100

,'Fig. 9. It uses the same method
for absolute measurements as that of Luzzati, but differs from
it by the use of a horizontal goniometgr, a sealed-window pro-
poftional detector in conjungtion with a pulse-height analyzer,
and various instrument refinements, These two instruments.have
found extensive use in studies of biological materialé in solu-
tion. An attempt along similar lines has been made by Renouprez

_ etal.101

whose instrument has been used in the study of solid
catalysts, Anéther diffractometer utilizing crystal monochro-
matization and aiming at high reéolution, ease in alignment

‘and rigidity of construction is that of Kavesh énd Schultzloz,
who used it in studies of crystalline polymers. No SAXS diffrac-
tometefs of these various.typeé are commetcially available;al—
though the componenfs fdr the Luzzati instrument are available

from commercial sources.

c. Block-Collimation Instrument. A highly original solution

to the parasitic scattering problem which limits+ultimate reso-

143

lution is embodied in the Kratky instrument As the diagrams

(Fig. 10) of the collimating system show, parasitic scattering



from slit edges is sﬁppressed to an extraordinary degree by
means of a special arrangement of blocks with highly finished
surfaces, which replace a more conventional slit system. As
mentioned above (See Sect. III.A ), it is an unavoidable conse-
quence of this system that one-half of the primary beam is blanked
out before it reaches the sample, and only one side of a scatter-
ing curve is observable, For absolute measurements, secondary
standards (polyethylene samples standardized against an inten-
sity-attenuating rotating disk) are routinely employed (See Sect.
III.A.2.e., above). Like the Luzzati instrument, this one has a
vertical goniome#er. It should be noted that, unlike the Luzzati-
type instruments described in the preceding"section which are
constructed tbisatisfy the assumptions of the "infinite slit,"”
the Kratky instrument, depending on the construction of the X;ray
tube used with it, may reqﬁire}ga§eighting funcfibn descriptive
of the primary*beamklongitudinal profile be used in the decohvo-
lution calculations., This instrument is particularly well con-
structed with respect to compactness and rigidity. Manufactured
by Anton Paar, KG (Graz, Austria), and distributed

by the Siemens Group and by Sefert and Co. (Ahrensburg,rw.
}Germany) around the world, it is at present the SAXS instrument
in widest use. It has been employed extensively in studies of

bi010§ical solutions3l'lo3'105.

d. Other and Special Instruments. The problem of slit-smearing
can be avoided by use of a point focus. Simple pinhole collima-

tion to obtain a point focus, however, results in unacceptably



‘severe intensity losses. These losses can be somewhat alle-
viated by using focusing crystals. A single, spherically bent

quartz crystal has been used in a scattering instrument con-
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structed by Hagstrom and Siegbahn Henke and DuMond have
bconstructed an instrument in which a monochromatic point-focus
beam is produced by total reflection from an ellipsoidal mirror.
Combinations of two crossed cylindrically bent crystals have also

108

been used., Shenfil et al. used two quartz crystals in reflec-

109

tion; Furnas used a mica crystal in transmission, crossed

with a quartz crystal in reflection. ' Franks110 used total reflec-
tion from two crossed bent glass plateé. The Franks camera has
beep'built commercially and distributed‘in the U.S, by the Jarrell-
Ash Co. |

‘Such instruments may be adapted to meet the requirements
- of high resolution, as well as iriadiation of a very limited area
of the specimen of interest, for instanqe, where a fine—graiﬁed
poly-crystalline material is to be examined. Still, their inten-
sity is generally too low to aliow the study of weakly scattering
solufions of biological materials.

A variation on the'ellipsoiaal mirror consists in the more
efficient toroidal mirror of Elliottlll. Cameras allowing the
~ optional ﬁse of double Franks' mirtor'optics of Elliott torbid
| optics, developed by G.D. Searle, Ltd., are available from

Elliot Automation Radar Systems, Ltd. in England, represented by

Picker Corporation in the U.S.. They have been applied to studies



of poiymérs, tissues and cell constituents, and to biologicél
macromolecules in the solid form; such as nucleic aéids, con-
jugated proteins, and polypeptides,

Among other special designs is a high-resolution camera
built by Brumberger and Deslattesllz, which utilizes the
Borrmann effect, in which a germanium crystal of fairly high
perfection is used in anomalous transmission to give an astigma-
tic image of the source. Another effecf utilized for mbndchroma—
tization is that of multiple total reflections from opposite sides
of a groo&e in a single silicon crystal,vdescribed by Bonse and
Hartll3, Fig. 11l. As a consequence of the repeated reflections
the:é occurs a progressive enhancement'bf the peak-to-background
‘ratio of the reflection curve. A second gfooved crystal, loca-
ted between sample and detector, is rotated to perform the
scanning, The result is probably the sharpest peak available
from any instrumeﬁt, having negligible tails, and suitable fér
extremely high—resolution work. An instrument designed by

_K.offman114

which uses this principle is manufactured by AMR

and distributed in the U.S. by Philips Electronic Instruments,
Its performance compared to that of the Kratky instrument has
bbéen evaluated by Kratky énd Leopoldlls, It appears that, al-
thouéh producing more intensity than point-focus instruments,
the repeated reflectionsre§UIt in such losses that the intensity
left is insufficient for the study of weak scatterers, such as

proteins in solution.



B. Procedure

l. Introduction

SAXS is a versatile method that has been applied to the
sfudonf a wide variety of systéms in different fields, among
whichbare particle and pore sizes in catalysts, grain sizes and
clustering in alloys, ceramics and glasses, critical phenomena,
colloidal micelles, crystallinity in polymers, order in tissue
constituents, and biopolymers in soluﬁion. It is to be expected
that each application dictatesvpractical aspects peculiar to its
requirements, Here we are-concerhedlénly with the study of macro-
molecules (predominantly globular proteins) in solution, 1In

-what follows, we will confine ourselveé mainly to the procedures
which are currently being used in our laboratory and which are
furthef developments of the methods of Luzzati. While some of
the methods may not be strictly applicable to a different appara-
tus setup, this material should be illustrative of the general
approach takeﬂAin this tYpe of work.

‘The experimental procedure may be divided into prelimi-
nary_steps, namely those performed only once (such as filter cali-
bration), or only once for a series of runs (such as apparatus
alignment, if called for by a test for alignment), and opera-
tional steps, which have to be pérformed individually for each
sample run, These mayvbe either préparatory (preparation of
sample, determination of protein‘céncentration, determination
of partial specific volume and measurement of cell thickness),

or they may be the actual data gathering, i.e., measurements



of primary beam intensities and of scattered intensities as a
function of scattering angle., They will be discussed in this
order,

2, Preliminary Steps.

a, Filter calibration. As indicated above, measurements of

incident-beam intensify require that a set of calibrated.atten—
uating filters be at hand. The basic construction requirement
is freedom from pinholes. 1In addition to careful selection of
the nickel foils used, the chancesAof'inhomogeneities being
present are further reduced by building up each filter to the
requisife thickness from layers of thinner foils, so that very
slight imperfections will tend to average out. The most effi-
cient design of a set of filters is one in which the filter fac-
'fors aré so related that each of the denser filters is appro-
2imately equivalent to exactly one combination 6f'the 1ess.
dense ones, (One or two of the lower values may be constrﬁcted
in duplicate, to féqilitate arranging various combinations.)
Thué; a series of factors such as 21, 22, 24, 28,... is suita-
ble. A further requirement is that the densest filter be ade-
quate to get the count rate at the»peak of the primary beam down
to a value which is not only measurable with the equipment avai-
lable,Abut which is also.below the range where the counting-
systém,dead-time correction and the peak shift of the pulse-
height distribution become of importance, Practical count
rates:of less than 20,000 counts/second at a peak rate of per-

haps 10 million counts/second (without filter) require a filter



factor of over 500,

1With a filter of that approximate value (although ini-
tially it is not known precisely) in place, the attenuation
factors of each of the less dense filters in the series may be
determined by measﬁring in turn the intensity of a stable beam
without, and with, the unknown less dense filter in place, and
taking the ratio of the respective intensities. When a suffi-
cien£ number of the less dense filters have been calibrated in
this manner to approximately equa;, in combination, the atten-
uation‘factor of the unknown densest filter, the combination of
the less dense filters is placed in thé filter holder and the
beam;intensities without, and with the -densest filter added
are‘determined inbturn. Their ratio gives the filter factor
of tﬁe'iatter. BecauséAof the propagation of errors, it is
evident that the attainment of a désired.precision in the atten-
uation‘value Qf‘the densest filter requires a very much higher
precision of each of the less dense filfers. Fortunately, this
tends to be'the casé anyway; since during équal counting inter-
vals a less dense filter will accumulate laréer counts, result-
ing in lower relative counting errors. In each determination,
the coﬁnting interval must be_long enough to accumulate a total

low :
count sufficiently large to give a/relative error, as determined

by counting statistics.44
‘During the time of filter calibration constancy of the

beam intensity must be ascertained by periodic checks. kIf a

changé has been detected by monitoring and can be well defined,



it may be possible to correct for it. Corrections for counting-
system dead-time, although much smaller for proportional counters
"than for Geiger-Miller counters, also must be applied separately
fér each filter, The subject is discussed in some texts on X-ray

diffraction and elsewherell'75'116'll7.

b, Apparatus Alignment, Alignmentbis a particularly exacting
.process, It starts with the monochromator. The bending press,
 which clamps the crystal lamina to give the required curvature,
is mounted on a horizontally rotatable platform in such a way
that the center of fotation coincidesrwith the center of the con-
cave front face of the elastically deformed crystal. With the
X-rays on and the shutter open (éuitable shieldiﬁg precautions

having been taken) manipulation of, first, the coarse, and

Fh

finally, the fine rotaticnal adjustment (the latter by means

O

é sensitive differential tangent screw) Will bring the mono-
chromatized be?m corresponding to the K, linevinto view on a
fluorescent screen in the dark. The monochromator platform is
supported so as to ﬁermit a variety of adjﬁstments, axial, trans-
verse vertical and horizontal, and rotary in a vertical plane,
All these adjustments may have to be applied in an iterative
fashion until near-perfect alignment is accomplished. The cri-
terion for perfect alignment of a good crystal is the presence
of a rectangular and homogeneous beam cross—sectibn and its sud-
den appearance énd disappearance, without shifts in position,
upon a slight change of the horizontal rotatory fine adjustment

in either direction.118



~Next,‘the goniometer table as a whole is adjusted to

align the first two slits with thermonochromatized beam. (These -
slits, which are continuously adjustable and symmetrically
oﬁening and closing) must be optically aligned beforehand, so
that their median lines and the goniometer axis of rotation lie
in the same_vertical plane, The goniometer table is mounted on
two superimpbsed.platforms, each‘of which allows a mode of
adjustment, The lower plgtform allows translation transverse
~to the optical axis of the monbchromatized primary beam; this
motion is actuaﬁed by a differentiél¢screw and may be read on a
dial indicator,  The upper platform is .designed to be rotatable
about a pivot which can be adjusted to coincide with the mediah
line of the first slit; this rotation is actuated by a two-
speed screw, allowing both coarse and fine adjustment, and is
similarly dial-indicated. The primary béamf visualized by a
fluorescent 5créen, is first threaded through the first slit
by‘translationrof the lower platform. Next, the second slit is
opened wide, and the‘sample holder is replaced with an auxiliary
slit'mounted and aligned in such a way that its median line coin--
cides with the goniometer axis, The primary beam is then threaded
through the auxiliary slit by rotation of the upper platform, the
' first slit remaining essentially in place.

| The detector is now aligned approximately.’ The first and
the auxiliary slits define the zero—éngle bosition and, with the
third and fourth slits removed, the goniometer readout is ad-

justed to zero, using the detector in conjunction with a strip-



chart reéord; The third and fourth slits are replacéd and ad-
justed so.that they jdst admit the primary»beam to the detector.
The second slit is replaced iast and is adjusted until it just
fails to graze the primary beam, Its purpose is to eliminate
edge-scattering produced by the first slit; its edges must not
be irradiated by the primary beam, leading to further parasitic
scattering. The quality of this slit and its alignment are
exceedihgly critical. The final test is a constant-speed scan
from about 0,5° on one side of zero to 0.5° on the other, with
~the intensity versus time recorded'on-a strip chart, Until a
symmetrical scan is obtained, some, or all, of therpreceding

" adjustments may have to be repeated one or more times, The

first two slits are then opened to the desired width, which is
defined by the smallest angles to be measured in a .given experi-
ment, Since frequently, it is necessary to carry out in sequence
runs with different slit openings, it is advantageous to have the
slit.openings controlled by micrometer héads; it should become,
then,a matter of routine to open and close these slits as re-
quired. |

3. Preparatory Steps.

a. Sample Preparation. Since all molecular parameters must be

evaluated by extrapolation to'infinite dilution (See Section II),
it is necessary in every case to study a concentration series,
Hence‘a series of protein concentrations, obtained by dilution
from a stock solution, must be so chosen that thg points are as

far separated as possible in order to yield well-defined concen-



tration plots for the various parameters. The upper limit to the
concentrations may be set by the availabiiity of a scarce material,
‘by its limited solubility, or by excessive viscosity of more con-
centrated solutions; it rarely exceeds 100 g/1. The lower limit
is imposed by the technique itself. 1In the case of bidlogical
macromolecules, even moderately dilute solutions (much under 10
g/)) produce so little excess scattering that, given the random
hature of the raaiation process,kthe difference between solution
‘and solvent scattering is not sufficient to yield statistically
meaningful results. |

The scattering we are concerned with is the excess scatter-
ing, i.e, the séattering due to the macromolecular solute of
interest alone, As shown in Section I (See also Chapter of
thisAVOLume), this means that the solvent used for thé pilank
measurements must have a chemical potential identical to that of
the solvent as it exists in the solution. Hence, ideally the
‘solvent used as blank for each protein dilution must be the dia-
lyzate of that particular dilution. In practice, when the con-
céntrations of fhe non-aqueous components of the solvent are low,
e.g. 0.1 M salt, this is sufficiently approximated by using the
"dialyzate of the stock solution as reference solvent and as
'diluént. |

These considerations’differ little from those applicable
to any other thermodynamic technique, for example light scatter-
ing. Fortdnately, as pointed out above (See Sect. II.D) the

very troublesome problem encountered in light scattering, namely



the removal of every trace of dust pafticles, need not concern
us here,

It may be added that in the choice of solvents (usually
buffers or other dilute salt solutions), in SAXS one is limited
to fairly low salt concentrations, Since the scattering inten-
sity is a function of electron density, the solvent scattering
~at -high salt concentrations could easily mask the séattering of
the sample. Furthermore, since X-ray scattering is a function
of electron concentration, light ions are preferable to heavy
.ones; for example, fluoride shoula be used preferably to

chloride,

~b. Protein Concentration and Partial Specific Volume Determina-
tiohs. Protein concentrations must be known with high preci-
sion, since accurate extrapolation to zero concentration is re-
quired, and concentration enters into the expression for the
measurement of the molecular weight (see eqg. 165, even at extra-
polation to zero concentration. bAs in other protein work,
careful ultraviolet absorbance measurementé (See chapter of
.this volume) are the method of choice, provided the abéorpti—
vity at some given wavelength is known. Otherwise, dry weight
measurements might be neceséa:&. |

v ?he pértial specific volume must also be known precisely,
since it appears as the square in the molecular weight equation
(eqe 18). At present, instrumentation is available to carry
out such measurements to a precision of better than * 0,2%

(See chapter of this volume and ref. 119).



c., Cell Thickness Measurement. Since the cell thickness deter-

mines the number of scatterers within the irradiated volume
seen by the detector, it needs to ﬁe accurately knbwn to permit
expressing scattered intensities in terms of the scattering of
a single electron; and, indeed, the cell thickness appears in
the expression for the normalized intensities (see Sect. IV.A).
Inasmuch as this thickness measurement is-felated to the con-
struction of the cell, we shall digress briefly to desciibe the
kinds of cell or sample container used in work with dilute solu-
tions, | |

A cell must satisfy certain réquirements With respect to
optical path length, volume and windows., For an optimal signal—
to-noise ratio, £he path length should be so chosen as to result
in a maximum ratio of scattering rélative to absorpiion, This
is a criterion generally taken into consideration~in diffraction

WOrk.llga

For dilute protein solutions, the optimum path length
works out to aboﬁt 1 mm. The sample volume must be balanced
between the geometric requirements of the X-ray beam'(e.g., the
infinite slit-height assumptioh) and the need to use the minimum
amount of sample, biological material frequently being in scarce
_ supply. The window materialtmust be radiation stable and trans-
parent, shbuld not contribute disturbing scattering of its own,
and éhould have sufficient rigidity to maintain a.given geome-
tric Shape. |

.These requirements can be met by quartz capillaries, as

‘used in diffraction work, and by assembled cells with flat win-



dows, which may be either demountable or cemented to an appro-
-priéte spacerband frame. The preféfred window matefial is ﬁica;
mylar film has also been used but'lacks the rigidity necessary
to maintain a nearly flat configuration, Because round capi-
llaries present problems in eétablishing the precise path length
and irradiated'Qolume, we have adopted the use 6f flaf windows
in a demountable'cell of about Of35 ml volume, The frame ele-
ments, windows and l—mm,sﬁacer kpreferably of Teflon) may be
clamped together by machine screws, For uniformity in tighten-
ing, to assure leak tightness withoﬁ;‘causing undue distortion
of the windows,-we have adopted a scréw-ring assembly similar to
that of standard infraréd absorption cells, Suitable changes
in dimensions take into account the optical reguirements of the
thickness-measuring device to be described below, and the fact
that fhe thick, rigid windows used in infraréd’work are here
replaced by exceedingly fragile sheets of mica (ca. 0,0175 mm
thick).

| If, in addition tobthe coﬁcentration, the X-ray absorp-
tién coefficient of the solution is known from previous experi-
menﬁs, the sample thickness may be calculatedAby the use of
Beer's law from intensity-measurements taken on the same sample
container filled with sample and solvent, in turn. However, an
X-ray systém cannot be relied upon to retain constant intensity
between ﬁhese two measurements without special precautions, nor
is it always easy to obtain a reliable value for the absorétion

coefficient, A further complication stems from the fact that



the cell winaows are somewhat elastic, This precludes an exact-
ly reproducible path length for consecutive fillings with solu-
tions of slightly different properties, such as density, vis-
-cbsity and surface tension, Furthermore, the absorption is
quite weak with cells used fér scattering purposes, the path
1éng£h being chosen in the first place to minimize the absorp-
“tion vis—é-vis the scattering.

This may be done with an instrument of a type first_used
‘in Luézati's laboratory which comprises two opposed microscopes
with fine-focusing édjustments between which the filled sample
cell is placed.  The microscope optics are chosen to give a
very shallow depth of field (below'lO um), so that the position
of the,micrdscope tube, as meésured by a suitable indicator,
is a precise indication of its focal plane at any particular
setting.> One microscope remains fixed and serves to define a
‘reference pléneAin space., One face of one window of the sample
cell is brought into coincidence with this plane by means of
’an adjustable sample cell holder. The othér microscope which
had been previously zeroed by focuéing on this same plane is
then adjusted to focus on the appropriate face of the second
cell.window. The differencé between the two positions of this
micrbscope gives the sample thickness, after refractive index
corrections for solution and window material.

4, Data Gathering

a. Primary Beam Intensities, If the stability of the X-ray

source as well as that of the slit and detection systems could



be absolutely relied on, theré would be a.need to take only a
single measurement of the primafy beam intensity; this singlé
value could then be appiied~to the difference between the ob-
1served values of solution and solvent scattéring. VAs a matter
of fact, however, éven thé best of systems must be expected to
undergb some fluctuations (See Sect. III.A). That is why the
defining‘equatioh for excess normalized scattering (eq. 32,
below) shows the normalization.involving the direct beam in-
tensities performed separately for solution and for solvent,
be fore oné is subtracted from the other. This procedure, al-
though it is not universaily followed, is proper ina#much as
the scattered intensities for solution and solvent may be de-
termined during widely separated time periods, when the beam
intehsity cannot be aésumed to have been'identical.120

’ Ideally, the beam intensity should be recorded concurrent-
.ly witﬁ thatvof the scattered radiation. 1In the abseﬁce of a
monitor (See Sect. III.A) this is not possible. All that one
can do is to sample the beam at times when it is practical, If
'stép scanning is chosen, it is poséible to intercalate beam
intensity measurements between steps of the scattered intensity
measurement. As it is not practical to do this too often, the
adopted practice is to do it either at a few predetermined posi-
tions during the step scan, or else routinely at certain_times
of the day (e.g., at the beginning and end of the work day,
and at noon). If continuous scans are chosen, it is not practi-

cal to interrupt a scan in progress, and one is limited to



making'beam measurements before and after each scan, 1In our
practice, which uses primarily continuous scanning, the inte-
~grated infensity of the direct beam is measured between =+ 0, 3°,
at a scanning speed of 1/8° per minute, using an appropriate
filter to limit thé count rate, as discussed in~Section III.B;

b. Scattered Intensities. Disregarding possible hybrid systems,

there are essentially two ways of scanning, refefred to above:

" by steps, and continuously. Step scanning has certain advan-
tages that have made if the method chosen in the majority of
laboratories, With the‘prevalence of modern digital data pro-

" cessing equipment, it gppears_logigal to acquire data in digital
b‘form;'as is done in.step scahning. Since this is a discrete
sampling procedure, in which cgrtain angular positions (usually,
but not necessarily,‘equidistant) are preselected for counting
.forva fixed time of a fixed count, it would also seem to offer
some saQing in time.

However, some finite time during which no counting can
take place is expended while the scénning arm slews from one
position to the next, Furthermoré, the number of points re-
quired for good definitio@ of a curve is quife large (usually
at least lOO)'and the counting time at each point needs to be
quite léng. For a relative efror of 1%, a total count of
10,000 is required, giving é standard deviation of 10,000 + 100,
or 1%.44 Along the tail éf a scattering curve, which accounts

'for perhaps 75% of the entire scan, a count of, typically,



25 count/second may be expeéted, implying a counting time of
10,000/25 = 500 seconds, or nearly 7 minutes, per point, ex-
élusive of the time required for slewing. Along the steeper
‘portions of the curve, counting times may be much shorter, but
rapid changes in curvature would benefit from more closely
spaced points, Flexible arfangements, which can take into
accbunt_the requirements suggested by the shape of the curve
and thus make more’efficient use ofbtime, have.been used by
Kratky and Kratkylzl and others.122
- Regarding the digitél character of the data, it should

be borne in mind that, because of the random errors charac-
teristic of scattering data, it is not possible to subject
them tb the reéuired slit-smearing correction (Section IV)
- without prior smobthing;'withouf smoothing, computational arti-
"facts are prone to arise and the data become severely degraded.
Despite contiﬁual attempts at developing computer-adaptable

smoothing routines (e.q., Oelschlaeger,,l23
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Damaschunband
Miller, ), these efforts have not been successfui enough to
induce those in this field to abandon manualAsmoothing. This,
of course, largely negates the.potenfial advantages of automa-
tic data processing, ‘

: fending the development of more reliable smoofhing.methods,
we have found it practical, for thé most part, to retain the

older practice of continuous scanning with strip chart recording,

followed by manual smoothing of the graphic record, and finally



to digitization. The strip chart is required in any éase, to
check on the symmetry of the scan,

‘The readibility of the record depends to a éreat extent
- on the choice of the time constant of the ratemeter whose output

. is recorded.125

Too short a time constant causes a jittery and
cluttered trace, obscuring thebtrends to be looked for; too long
a' time constant will distort the record. Choice of time con-
stant is often regarded more aéian art than a science, and cer-
tain rules of thumb are appealed to, It Should be apparent,
however, that scanning speed and receiving slit opening are the
.determinant variables, as discussed by Klug and Alexander126.

In consequence of the very weak observed intensities, scanning
speeds in SAXS need to be much slower than is customary ih
diffraction work, speéds Qf 1/2 degree per hour being typical,
At spééds as low aé this (approximately 60-fold slower than
Qould be typical in diffraction), much higher time constants

are permissible; Whereas time constants betweeen 0.5 and 16
seconds are customary in diffraction, and commercial diffraction
apﬁaratus rarely provides a time cénstant as high as 40, we have
concluded that 200 seconds would not be excessive for SAXS.
WithAappropriate instrument modification such values can be
realized, We have found rbutinely that a time constant of 200

seconds is very satisfactory, since it produces a quiet, undis-

torted and interpretable record,



IV. Data Evaluation

It is evident from the discussion of thé previous sec-
tions that the problem of data evaluation can be quite tedious,
Due to the low count rates, it is necessary to use as many data
points as possible. We have found it advantageous to‘utiliée‘the
céntinuous method of scanning rather than the discrete point
method, which also allows a more efficient smoothing of the
data, The only réquirement fof.the'continuous scanning method
is the use of a sufficiently long time constant, i.e., of the

order of 200 sec.

A, Ancillary Calcﬁlations

Since SAXS measures the scaftering from the electrons in
a particle (See Sect, II!A), it follows that all paramctcrs must
‘be expressed in the corresponding electron—ﬁ3and not gram-ml
uﬁits;"This unit transformation can be easily accomplished with
fhe use of thé.following expressions, |

The partial specific volume, V, in units of ml/g, can be

transformed to ¥ , expressed in ﬁ3/él, by
v =7 20%Yq -+ 30)

Here, qp is the numberbof electrons per gram of the protein,
This can be readily calculated from the amino acid composition
or an elemental analysis.

" The protein concentration, Car in units of electrons

protein per electron solvent, is given by



o .gq
c_ = — P

e  qglag-gq,)g (31)

where,qS is the number of electrons per gram-of solvent and g
is the gram fraction of protein in units of gram protein per
gram solvent.

Finally, the excess normalized scattering function,

jn(s)'is obtained from3



i, (s) = I(s)
n ) -
A2t (7.9x10 .26)Eo(ds./d }f
~ t solution

(32)

I(s)
2 -26 ds )
A tpl(7.9x10 )EOI /dt]f.

solvent

where I(s) is the.scattered count rate at each value of s in
counts/séc, which is averaged on both sides of the primary beam
for each s, A is the wavelength of the Cu Kal peak in ;
t is the thickness of the f£filled cell in cm,; 7.2 x 190 is
the vélue of the scattering of a single electron derived from
‘Thompson's equatioﬁ (see eq. 8); Eo is the total number of
counts under the primary beam while scanning at a set rate of

ds/dt; f is the product of the filter factors used for attenua-

tion purposes when measuring the energy of the primary beam,

and Py and Py are the densities of the solution and solvent:
o5 can be
respectively, in el/A”. Thesghcalculated from

p. = 52 (33) -



where qi is the number of el/g and d, 'is the density in the usual
units of g/ml of material i, here solution and solvent.

When some seventy or more jTJs) values, ranging from
épproxiﬁately 0.25 to 5°, 20 , are calculated, the data evalua-

3 is generated,

tion can begin, First a plot of s3jn(s) Vs, s
4A typical plot is shown in Fig, 12 for the scattering of lyso-
zyme at various concentrations., The 1imiting slope of the curve
at high s3 gives 6* while the intercept gives the A value>(See
eq 20). The concentration dependenées of these parameters

are reflected in Fig. 12 by‘the chanéé‘in the slope as well as
the intercepts when going from 36 g/lifer to 22 g/liter. The A
paraﬁeter is used in the calculation of the surface, S, and the
surface-to-volume ratio, S/V, of the scattering particle, while
6%, a parameter which measures thevcontribution due to internal
atom diffractiop, hust be ;ubtracted from each jn(s) value (See
eq, 9) to give tne quantity>j;(s) which is used for the rest
of thé calculations (egs. 20, 21, 23).

B. Molecular Parameters

A Guinier plot is then constructed by plotting

2 (Fig. 13). Here, it is important to recall

log, j.(s) vs. s
that, by definition, this'plot is linear at small values of s
fér a hémogeneous substance. The appearance of non-linearity
or multiple-linearity in this region impliés that the system
being measured is non-homogeneous. With a homoggneous systen,
the slope of the linear region generates'the apparent radius of

gyration, R, (eq. 11), while the intercept yields the j (o)



value. Fig. 13 shows the large concentration dependeﬁce of

jn(o), which is reflected in the intercepts of the Guinier plots
at concentrations froﬁ 45 to 21.6 g/liter, while the Ry
proportional to the slopé of a Guinier plot, are only mildly

values,

concentration dependent.

- The nonélinear portionbof the curve gives rise to the
residual functioﬁ ¢(s),'(eq; 11) by subtracting the calculated
Guinier function from each j;(s) value and fitting these results

to a polynomial in sz, such that ~¢(s) is now defined as

$(s) =% ag st (34)
i=o :
The integral
. 100 * R
Q = j s 'jn (s) ds. (35)
~©° -
which has been termed the invariant, Q, by Porod127 must now

be evaluated before proceeding to'the final calculations,
This is accomplished by substituting eq. 34 into eq. 11, which
yields
. N .
2 2) 4 2i

a° La;s (36)

- o ,
(s) = j,(0)exp (-4/3n R I

In

Then}'integrating accordingvto eq. 35, the first term analyti-



cally and the second term from zero to a predétermined high

we finé that

angle, S,
. * N . . 7
Q = V3/mi (0)/ar, + 1 Bb GZ(i+D) (37)
1=0 h

Here if is imﬁortant to discuss the problems associated
with the numerical analysis of tﬁe residual function and the
invariant. In the first place, éare must be taken when fitting
‘the residual function to a polynomial. Only the best polynoﬁial
least-squares routine should be employed, since the data in this
region are very imprecise. Secondly, the roots of the polynomial
must be calculated in order to obtain a good value for Sq,- It is
possibié to pick an erroneous value for which the residual func-
tion would already be negative. This would result in a value
for the invariant which is much too small and Which would iead
to too large values of the hydrated volume, the surface-to-vol-
ume ratio aﬂd the degree of internal hydration and to a too
small vélﬁe of the electron density difference,

Using the same type of argument as was used in the calcu-
lation of the invariant, it is possible to derive from equations
12 and 36 the following expreésion for the deconvoluted scatter-

ing function,3

. ’ * '. :
i (s) = 2V7/3 3 (0)R_exp [- $n%r_2s%)
. v/“’_\ (38)
N . s , one
-1y o2 M0 B a
Lz

o  A | '&\\

(;JG «



The integral in the second term can be evaluatéd analy-
yically by using a simplé recursion formula (derivea from inte-
.gration-by-parts) which can be found in any mathematical table
of integrals. However, since the numerical caléulation of
this term is rather leﬁgthy, it would necessitate the use of
a computer program, These desmeared scattering Qalﬁes are
thenbused in a second Guinier plot for calculating the true
radius of gyratibn, Ry from the slope and i (o) from the inter-
cept. | |

Ihvhis original work, due to the lack of computer faci-
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litiés, Luzzati derived the expressions for in(o) and Ry

using a Maclaurin expansion of eq, 1l1.

They are
,in‘(O). = ,Z-W'j;(oma - %— /: §'2¢(s)ds (39)
and
R. = R, + 12$§?15§(3)Ra w£” slots)as ‘40)

9 O3 1 - |
1 - _ -2
" onZ 3T(OR, S ¢(s)ds |

’ *
By making use of the fact that the lim s3jn(s) = A (a constant),

the integrals in egs, 39 and 40 were approximated41'42 by -

X "'2 ~a "'2 -* B ‘e
}C“ s “¢(s)ds Afgs Q(s)As + lim SBJn(S). .}r Q% - (41)

S~ a S



and

7 - -4 » —_ a ¢(S) . 3.* dS
fs ¢ (s)ds = E 7 As + 1lim s jn(S) — (42)

7
s sre a g

where a is the value of s at which the scattering function
j:(s) reaches, for all practical purpose, a constant limit,
At veryvlow values of s, ¢(s)/s2 is obfained by interpolation
between the measurable range of s_and s = o0, since lim ¢(s)/s2 = 0,
The functioﬁ ¢(s)/s4 attains a constant value at low s, and thus
can be calculated between s = 0 and s = a, |
It is interesting to néte that the contribution of the

integrals in eq. 39 and 40 is usually of the order of 1 to 3%
for normal globular protein, This contribution increases, however,
as the concentration of the profein solution increases, or as the
molecules becdné larger and more asymmétric. Although the Luzzati
expressions‘can be calculated on a desk calculator, it is pre-
ferable to use eq. 58 when'aAcomputer is available, since egs.
39 and 40 were derived from an expansion in which all but the
first two terms were dropped., It is quite possible that with
larger, less globulaf proteins large errors will develop in egs.
39-42; these might easily escape the cognizance of the investiga-
tor. |

~ From the calculated values of in(o), Q, and A, the rest
of the structural parameters, namely, the moleculér weight, M,

the hydrated volume, V, the surface-to-volume ratio, S/V, the



electron density difference, and the degree of‘internal hydra-
tion, H, can be calculated by diréct use of er. 18-25 at each
protein concentration., Each parameter in turn, is extrapolated
to zero protein concentration in order to‘cancel virial effects
'(See equatibns‘16—19). |

C. Tvpical Examples

Typical examples of results obtained using this type of
analysis are given in Table I for ribonuclease, lysozyme and
ae-lactalbumin, The values of the various molecular parameters

extrapolated to zero protein concentration show the close overall

structural similérity between lysozyme -and a—lactalbumin6';29

which is in essential agreement with the expectations raised by

Browne et al,"’30 who have postulated that the secondary and ter-

‘ tiary structuresof these two proteins should be similar on the
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basis of their homologous amino acid sequences. The_ribo—

nuclease data for R., M, V, S/v and H, on the other hand, show

GI
the sensitivity of the small-angle X-ray scattering technique
for distinguishing between globular proteins of the same general

size but different conformations., The RG values for the three

proteins are almost the same, but the S/V and V parameters are
significantly different. Thus, it can be concluded that lyso-
zyme and a-lactalbumin are very similar proteins in their overall

structures, while ribonuclease is different from both of them.

Furthermore, the crystallographic radii of gyrafion have been

ﬁl32

calculated for ribonuclease by Kartha as 13.5 and for



lysozyme by Blake et al., as 13.8 3}33 The solution values

measured by SAXS are slightly higher. This could well be
the result of the fact that SAXS gives the geometric parameters
‘of the hydrated protein in solution, in which the surface side

chains have much more freedom of motion134

than in the crys-
talline state.

Another parameter which is useful in correlating SAXS
data with other solution 6r cfystallographic data is the axial
ratio of an equivalent ellipsoid df.xevolution, a/b, where a
is the major axis énd b is the minor axis, This parameter

24

can be calculated from the products (3V/4nRé) and RG(S/V),

respectively., A working graph, derived by Witz et al.24,
relating these quantities to the axial ratio is shown in Fiy.
merely 3
14, oOne / calculates the values for (3V/4nRG)_and (RG(S/V))
from small-angle X-ray scattering data extrapolated to zero
;protein concentration, and reads from the curves the corres-
ponding values of the axial ratib, a/b, for a prolate and an
oblatevellipsoid of revolution., Such a calculation was per-
formed f7r_ribonuclease, lysozyme and a-lactalbumin and the
results; assuming prolate ellipsoids, are shown in Table i.

It is interesting £o note that the value for lysozyme
calculated from (3V/4nRé) was found to be 1.42, whereas the
crystallographic value reported by Blake et al. was 1.5.133
This agreement is quite good. The value f7ra-—lacta1bumin is

1.43,'which again shows the close structural similarities be-

tween the two proteins, Ribonuclease, on the other hand, has



an axial ratio of 1,8 which is much higher than the other two
proteins., This, however, is consistent with the crystallogra-
phic result which show a greater degree of asymmetry and con-
sequently a larger axial ratio. It is stfiking to note that
the axial ratios célculated from (RG(S/V)) are all codsiderably
larger for all three enzymes. This apparent anomaly is due to
the fact that proteins are not solid geometric entities but do
indeed consist of surfaces With many holes and clefts. Thus,
for a given volume, the surface is considerably larger than
~what wéuld be predicted for a}correspohding ellipsoid of revolu-
tion, In this way it can be seen that SAXS is very sensitive
to the_surface topology of the molecules, This is brought out
even more strikingly by the faét that the difference between
the axial ratios calculated from the volume and the surface, is
larger for ribohuclease, than for lysozyme and a-lactalbumin,
This is a direct result of the fact that the ellipsoidal model
is even more incorrect for ribonuclease than for the other two
proteins, since in ribonuclease a single polypeptide chain does

indeed protrude somewhat from the main body of the molecule.

D. Precautions

.When the calculations which lead to the molecular para-
meters are carried out with a computer, great care must be taken
in programming. Since the residual function is not theoretically,
defined in an analytic fashion and since the Guinier region varies

in s position and magnitude with the type and concentration of



material to be inveStigéted; a program must be written with a
large amount of operator decision-making. A sélf-contained
program could lead to errors in the values of various s limits
arising from the small scattering values at high angles and
low concentratlons of proteln

| It is also necessary to consider in detail the problem
of poly-dispersity which up to now has been only mentioned,
Since in a non-homogeneous system, the Guinier plot shows a
double linear or non-linear character one attempts to fit the
data to a double gaussian function,24 assuming a two component

~ system,

ﬁ;‘s) é‘Aexpf«%HZG s ] + Bexp[~¥ﬂ2 2 2] + ¢ (s) (43)

where A, B, a and 2 are adjustable parameters which are related

to jn(o) and the R. values of the two components and ¢ (s) is

G
the normal residual function. It has been shown24 that in(o)
and RG values can then be obtained from
i (0) = 2Vyn/3 (Aa+BB) -% f s‘2¢(s)ds (44)
R (o] :

and

[ K%ﬂ Vﬂ/3(Aa +BB ) + ~—-U{WS ¢(J)d%1‘} (Ot} ] (45)
4w



These parameters are weight average values and must be used in
conjunction with the protein concentration in order to find the

intrinsic values of the two species. These are obtained from

2. . .2
2 c;x, %% o,%, |
' Ce (46)

where X is the structural parameter (Gg, in(o), etc) at Ct'

the total concentration,xl and X2 are the structural parameters
of the individual species, and C, and C, are their maes concen-
trations. Since these equations are not analytic in their solu-
Ations'for Xl_ andx2 , it becomes neeessary to use a curve
fitting_routine or a series of tables in X; and Xy Cy and
Czywhich are calculated at each X and Ce- This, however, is
extremely cumbersome and not very precise, Therefore, a large
’number of experiments at various concentrations ﬁﬁst be pefformed
when dealing with a polydispetse_system. In such systems, it is
very advantageous to»employ other methods, such as sedimenta-
tion velocity or sedimentation equilibrium. to aid in finding

the eoncentration distribution, i,e., Cl and._C2 values at

every C,. | |
E. High Angle Region

The final discussion deals with the calculations at high
protein concentrations (> 100 g/1) for the particle shape, which
is reflected in the positions and magnitudes of maxima and mini-

1

ma that appear at high angles (20 > 4°)., Two alternative methods

for handling these calculations are in use currently. These will



be described in turn, allowing the reader to choose his pre-
ference, | |
The first method has been used primarily by the Kratky
schooljf05 In this method the experimental jn(s) values are
convoluted (according to eq. 12) tp give in(s) (which is norF
malized to an intercept of unity) at each angle and compared
with fheoretical curves calculated for f\zarious‘models.136"139
Such a comparison is shown in Fig., 15, in which the normalized
‘in(S) values (expfessed by the symbolAQ ) are plotted as a
double logarithmic plot as a,functioh of (sRG) forvéxperi-
. mental data obtained on yeast glyceralaehyde—B—phosphate de-
hydrbgenasé and compared with theoietical curves for various
models, It is interesting tc note that cnly 2 =small nmaximum
and minimum appear on the experimental curve, This is due to
the low scattering'intensities at high angles. The deconvo-
lution integréi (see eq. 12),kfirst derivatizes then inte-
grates a function, tending'in the p£ocess to smear details of
a curve, especially when the precision of the data is not
maximal. _
In the sécond method,‘proposed by Luziati, the theore-

tical curves calculated fér point source optics-are trans-

formed to slit optics.41

This approach makes it possible to
*

compare the experimental scattering points, jn(s),directly

with the theoretical curves for various models. _ The only

N 3 3 * . 3 . .
transformation necessary 1n jn(S) is to normalize the function

'so that in(o) = 1, This is accomplished by



%
i (s) , :
is) = ———p | (47)
c m(1-p %)

The quantity (j(s)) is then plotted és function of
(sRG) on a double logarithmic plot and compared with the con-
voluted, or smeared, theoretical curves for various geometric
models. Some of the convoluted scattering curves may be con-

140

structed from available tables; others may be calculated by

136-139

convoluting the.in(s) geometric model functions with the

use of eq. 12. An example is shown in Fig. 16 for p-lacto-
globulin at pH = 5.7 in 0.1 M acetate buffer.4; Here, the
experimental j(s) data are compared with various convoluted
curves, namely those for the sphere, the tWo sphere and the
parallelepipéd models., The experimental curve shows 1argé am-
plitudes of the maximum and the minimum, which have not been
diminished by convolution of the data. It is obvious, however,
that none of the geometric models fit the experimental scatter-
int curve. This is in great part due to the nature of protein
structure, Profeins; in general, are not smooth geometric bodies
with uniform internal structures. Therefore, an exact fit of
the experimental points to a geometric model should not be ex-
pected, Differences should indeed occur between these normal-
jized theoretical and experimental curves and infermation on the
overall gross structure, e.g. whether the protein structure lies

between a single sphere and a two sphere model, should be ex-



: pecfed.‘

Using the shape factor parémeters and high angle data,
together with calculated axial ratios at various conditions,
such as pH, temperature, solvent composition, etc., an extreme-
ly large amount of information may be obtained on protein ter-
tiary and quarternary structural changes and related to biolo-

gical function,

V. Conclusion

In conclﬁsion, it seems desirable to give some compari-
sons of the values of parameters measured with those obtained by
other techniQues. This can be readily done for the molecular
| Weight'and the.radius of gyration., In Table 1II such a compari-
son is provided of the mdlecular weights and the Stokes radii
calculated for equivalent épheres for several profeins.' It is
evident that good agreement of the molecular weight and radius
of‘gy:ation_can, in general, be obtained with other physical and
chemical methods. This result gives confiéence as well in the
validity of the‘other molecular parameters which are measured,
‘namely the hydrated volume, the surface to volume ratio and the
degreerf hydration, since these are derived from the same raw

data,
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Table II

Comparison of SAXS Results With Those of Other Techniques

(c) calculated from:

(D, diélectric constant; k, Boltzmann constant;'T,
perature;
static work function derived from the titratioqicurve;
Huckel screening parameter,

closeét approach hetween protein and small buffer ion), see

e, electronic charge

1
r

22 * Tica

=4,8X10

-10

"a = center-to-center distance of
' 22

Protein Molecular Weight Stokes Radius (r)

Small-Angle Amino Small-Angle Sedimen-

~ X-Ray Acid X-Ray @) tation() Titra-

Scattering Composition Scattering velocity tion\€
Ribonuclease 12, 700 () 13, 800 19,1° 22.4 20. 7
Lysozyme 13,600° 14,300 18, 5° 18.8 17.9
o-Lactalbumin 13,500° 14, 500 18.5° 18.8 -
Bovine Serum A :
" bemia 81,200%41 97,000 (®) 39,541 38,3 38.2
p-Lactoglobulin 36,6001 36,300 27. 74 27.0 27.0

Dimer ' '
B-Lactoglobulin A (144,000)%  (145,200) as,4%1 433 43.8
Octamer
a-Chymotrypsin 22, 000142 25,200 23.314%2 235 -
(a) Calculated from: r =[§]
. . ) G
(b) calculated from: r = —f.—:_%iﬁl
6ﬂnN 520
(n: solution viscosity, so = sedimentation coefficient), see22.
N 20,w
- 2DKTw K

absolute tem-
e,s.u., w = elec-

X, Debye-



(d) Recalculated from ref. 6.

(e). The molecular weight of bévine serum albumin is 69,000; however,
for the sake of comparison with the ﬁ@ value obtained in small-
angle X-ray scattering, the contribution from 5% dimer, |

normally present, has been taken into account.



Figure 1:

Figure 2:

nFigure 3:

Figure 4:

- Figure 5:

Legends

Fundaméntals of small-angle x—ray scatﬁering.

A. Basic "scattering" event; B. Definition of terms.

Angular dependence of scattering., A. Internal inter-
ference; B. Scattering envelope; C. Schematic repre-

sentation of typical recording of data.

Types of plots used in small-angle X-ray scattering;

A. Guinier plot; B. Soule-Porod plot.

Comparison of resolutions obtained with light scatter-

- ing and small-angle X-ray -scattering,

Comparison of concentration ranges covered by sedi-

“mentation equilibrium, light-scattering and small-

Figure 6:

Figure 7:

Figure 8:

Figure 9:

angle X-ray scattering.

Johann bent-crystal monochromators: (a) symmetrical:

(b) asymmetrical, S, source; F, focus; C, circumfer-

" ence of Rowland circle; R, radius of curvature of

crystal; (From ref, 55.)

Séhematic'top view of X-ray tubé and four-slit
scattering geometry. (From ref. 47.)

Schematic diagram of system employing bent-crystal
monOchromator. C,:crystal¥ F, film plane. (From

ref, 99.)

Schematic top view of scattering apparatus with mono-
chromator and_four slits; X, X-ray source; MC, mono-
chromator; Sy Sy beam-defining slits; scC, samplev

cell; S receiving slit; Sy anti-scatter slit; D,

3I



Figure 10:

Figure 11:

Figure 12:
Figure 13:

Figure 14:

Figure 15:

detector, (From ref, 6;)

Kratky collimation system. D,, entrance block;

D2‘ U-shaped block; D3, bridge block; S, entrance
qpening slit; Eqf E,, E3, edges; H, principal sec- 
tion, (From ref,

Multiple relection diffractometer‘accordinq to
Bonse-Hart, Each grooved crystal contains five
Bragg reflections. (From réf. 113.)

Computer plots of s3

jn(s) vs. s3 for lysozyme at
various protein concentrations, (From ref. 6.)
Guigier plots fof lysozfme at several protein con-
centrations, (From ref, €.)

Nomogram relafing the geometric parameters of ellip-
soids of revolu£ion to the axial ratio, a/b. (From
ref. 24,) |

Log & vs. log (sR) plot for comparison of the experi-

mental scattering curve for the apo-enzyme of yeast

‘glyceraldehyde-3-phosphate dehydrogenase in 50 mM

sodium pyrophosphate, 5 mM Na EDTA and 0.2 mM dithio-
threitol at pH'8.5 with theoretical scattering curves
of model bodies built up from four rétation ellipsoids,
71, T2 tetrahedral configuration of the subunits; o1,
02, 03, quadratic configuration of the subunits. (From

ref. 105.)



Figure 16: Normalized scattering of p-lactoglobulin A and B in
the higher angle range in 0,1 M sodium acetate at
pH 5.7. The dashed line represents the experimental
curve and the solid lines represent the convoluted
theoretical curves calculated for various models,

(From ref. 41,)
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